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ABSTRACT

We develop an analytical theory for the interaction between waves and currents induced by breaking
waves on a depth profiles. Here we examine the effect of friction on the rip currents and so are not
particularly concerned with frictionally determined rip currents. The near shore is characterized by the
presence of breaking waves, and so we develop equations to be used outside the surf zone, based on
small-amplitude wave theory, and another set of equations to be used inside the surf zone, based on an
empirical representation of breaking waves. Suitable matching conditions are applied at the boundary
between the offshore shoaling zone and the near shore surf zone. Both sets of equation are obtained by
averaging the basic equations over the wave phase. Thus the qualitative solution constructed is a free
vortex defined in both shoaling and surf zone where in the surf zone the free vortex is perturbed by a
long shore component.

Keywords: Wave-current interactions, set down, set up, surf zone, shoaling zone, breaker, matching
conditions and rip current

I. INTRODUCTION
Wave transformation in the surf zone is the dominant factor in the hydrodynamics of the near shore circulation,
and consequent sediment transport. A global description in terms of the spatial variation of such quantities such
as wave action, wave action flux and wave radiation stress are the driving entities we have used to describe the
generation by waves of mean currents in the near shore zone. Studies on the interaction between waves and
currents span nearly half a century. Mainly driven by a combination of engineering, shipping and coastal
interests, there has been much research on shoaling nonlinear waves, on how currents affect waves and how
waves can drive currents. This last aspect is the main concern in this paper.
The basis for this subject was laid down by Longuet-Higgins & Stewart(1960, 1961), who analyzed the
nonlinear interaction between short waves and long waves (or currents), and showed that variations in the
energy of the short waves correspond to work done by the long waves against the radiation stress of the short
waves. In the shoaling zone this radiation stress leads to what are now known as wave setup and wave set down,
surf beats, the generation of smaller waves by longer waves, and the steepening of waves on adverse currents,
see Longuet-Higgins & Stewart (1962, 1964). The divergence of the radiation stress was shown to generate an
alongshore current by obliquely incident waves on a beach (Longuet-Higgins 1970).
As wave groups propagate towards the shore, they enter shallower water and eventually break on beaches. The
important process here is the wave breaking and dissipation of energy. The focusing of energy and the wave
height variation across the group forces low frequency long waves that propagates with the group velocity
(Longuet-Higgins & Stewart 1960). These long waves may be amplified by continued forcing during the
shoaling of the short wave group into shallower water (Longuet-Higgins & Stewart 1962; Battjes 1988; List
1992; Herbers et al. 1994). In sufficiently shallow water, the short waves within the group may break at
different depths leading to further long wave forcing by the varying breaker-line position (Symonds et al. 1982;
Schaffer 1993). This means that the shoreward propagating waves may reflect at the shoreline and subsequently
propagate offshore (Munk 1949).
Wave breaking leads to a transfer of the incoming wave energy to a range of different scales of motions, and
particularly to lower frequencies (see, for instance, Wright, Guza& Short 1982). Thus waves called surf beat
(Munk 1949; Tucker 1950), may propagate in the cross-shore direction (called leaky waves). Waves may be
trapped refractively as edge waves (Huntley, Guza & Thorton 1981). Wave breaking may occur for two reasons;
firstly, due to natural variation in the wave direction and amplitude. These changes occur in space and time.
Secondly wave may break due to topographic influences. When this is the case, as in the near shore zone, the
location and form of the wave breaking is influenced by the bottom depth profile, so the wave forcing and
consequent motion may be different for different depth profiles, viz; linear, quadratic or other bottom depth
dependence on the onshore coordinate; this theme will be developed in this thesis. Wave breaking can generate
both irrotational low frequency waves and rotational low frequency circulation (Kennedy, A.B. 2005).
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Topographically controlled breaking produces circulation about a stationary location (Yu &Slinn 2003,
Kennedy, A.B. et al, 2003, 2006). Rip currents due to topographic influence are more dangerous with longer
period and swell waves (Lascody 1998). Rip currents are shore-parallel feeder currents, joined at a rip neck and
then becoming narrower and offshore directed (Shepard, Emery & La Fond 1941). They can be generated by
alongshore variability in the breaking waves, or by alongshore variations in the bottom topography. In this paper
we shall describe some analytical solutions for rip currents forced by alongshore periodicity in the shoaling
waves, for two bottom depth profiles viz; linear and quadratic. We shall use the concept of radiation stress
forcing with periodic alongshore variability to describe a rip current model. Rip currents interaction with bottom
sediment transport implies that their hydrodynamics help to shape the topography that drives them in ways not
completely understood. People are caught and drowned in rip currents every year so predicting rip currents and
identifying their locations is important (Kennedy 2003).

Essentially we derive a model for the interaction between waves and currents. The aim is to provide analytical
solution for waves in the near shore zone on time scales longer than an individual wave. This is possible on
long-time scales using the wave-averaging procedure often employed in the literature (see the textbook by Mei,
1983).

The structure of the mathematical model is based on the Euler equations for an inviscid incompressible fluid.
We then employ an averaging over the phase of the waves, exploiting the difference in time scales between the
waves and the mean flow, which is our main interest. The near shore zone is divided into regions, a shoaling
zone where the wave field can be described by linear sinusoidal waves, and the surf zone, where the breaking
waves are modelled empirically. The breakerline is fixed at x = xbut in general could vary.

In the shoaling zone wave field, we use an equation set consisting of a wave action equation, combined with the
local dispersion relation and the wave kinematic equation for conservation of waves. The mean flow field is
then obtained from a conservation of mass equation for the mean flow, and a momentum equation for the mean
flow driven by the wave radiation stress tensor. In the surf zone, we use a standard empirical formula for the
breaking wave field, together with the same mean flow equations.

II. FORMULATION
The mathematical formulation and principles used here are those found in [29], [30], [31] and [35], where we
ignored frictional effects due to turbulence in the surf zone for details see [29] and [30]. We constructed the
longshore current driven by the radiation stress in the surf zone when this wave forcing has no alongshore
modulation, that is, there is no y-dependence in the radiation stress. In that case the frictional effects are
necessary for the longshore current to exist, and the weaker the friction the stronger is the current. But in the
inviscid rip-current model constructed we demonstrated that there is a longshore component of the rip current,
namely Z(x) which does not need friction in order to exist. Hence in this paper we are not concerned with any
frictionally determined currents, but only with how the frictional terms modify the already constructed inviscid
solution in [29] and [30]. We note that the friction terms are not invoked in the shoaling zone, and so the
solution there remains unchanged.
3 Effect of friction on rip current
We have so far ignored frictional effects due to turbulence in the surf zone in [29] where our results are purely
for an inviscid regime. Also in [30] section (3.2) we constructed the longshore current driven by the radiation
stress in the surf zone when this forcing has no alongshore modulation, that is there is no y-dependence in the
radiation stress. In that case the frictional effects are necessary for the longshore current to exist, and the weaker
the friction the stronger is the current. But in the inviscid rip-current model constructed in [29], we have
demonstrated that there is a longshore component of the rip current system, namely Z(x) which does not need
friction in order to exist. Hence here in the viscous regime we are not concerned with any frictionally
determined currents, but only with how the frictional terms might modify the already constructed inviscid
solution. Before proceeding note that the friction terms are not invoked in the shoaling zone, and so the solution
there remains unchanged.The full momentum equations with the frictional terms included are in [28]

U aU a ,
T —|=—gH=>-[1.|+7 25a, 25b
HUG; +Vgyl=—otig, ~lul+m (252, 250)
v v ¢
HU—+V—]=—gH= - ’
[IJ (r),,[' + ay ] g (')y [Tu} + TU
Here the radiation stress terms are as before, namely _ _
E)Sl] 08]2 aS‘Jl 6)522
Te = and 7, = (26)

~— 1T — A 1+ —
ox dy ox Ay
The terms 'r; and 71’, are lateral mixing terms which describe the aforementioned frictional effects, and are

expressed as follows in [14] and [28] ,
ng‘ = VeUsa, T; = Vellgy where ve= V091/2h3/2 . (27)
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Next we recall that the steady-state mean mass equation can be solved using a transport stream function w(x,y)

so that
1 oy 1 oy
U= g andV = == (28)
H oy H ox
Next, again eliminating the pressure, we obtain the mean vorticity equation in the frlctlonal reglme
0 Q T Ty (0 Y

E"J‘_'!_‘f_u‘z_ h ez)e T Tzly) 29
bulgh =)o = [l = 2+ ol (e + 0L (29)
where Te = 5 E.’l.f I Ty - _Ey'

For convenience we have set o = g“?v,. The radiation stress terms are evaluated as before, and so finally
equation (29) becomes

0 Q0 (KPE),

| 3 Uy 3

E":ﬁ(ﬁ)y‘%(ﬁ)a‘ =T fo th(? Jealz + [B2( !‘_J)tr} [ (30)
As before Q is defined by _ _

Vo Py

=V~ Uy = (3)e + (3 @)
As before the wave forcing is given by the expression, that is,

E = Eo cosKy+ Fgsin Ky+ Gy(x), (32)
so that the wave forcing term in (30) again simplifies to

(W2 Ey), . (W2Ey),
(K cos K U)h—f (K sin Ky)h}T (33)

Thus again we observe that the unmodulated term Gg(x) plays no role here at all. In order to match at x = x, with
the expression Y= sin Ky, for the stream function in the shoaling zone, we should try for a solution of (29) of the
form
w = E(X) cosKy+ F(x) sinKy+ G(x). (34)
Note that, comparing this with the analogous expression (??) in the friction-free case we
see that here the term E(x) is a purely due to friction. Next, equation (34) yields

Q =E" cosKy+ F~ sin Ky+ G,” (35)
where F~, E” and G~ are the differential operators
E K*E
E=(=2),-— (36)
( h ) h

- F K*F

F=(3) == (37)

G=1, Z= % (38)

The left-hand side of equation (30) contains terms in cos 2Ky,sin 2Ky,cos Ky, sin Ky,1 , while the right-hand
side contains only terms in cosKy, sin Ky,1. Equating the appropriate coefficients on each side we get that

F E F E
FE_EE_F(h) E(h) =0

- (399) ~ B

F E F

© (39b)

F G (h] )FD} t E e 3 £

_ — n 3 (2lh2
G = (phF ==+ ) =K

(39¢c)
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G E  (WPE), LMo b3 F
Gy =t E[[h ( )az)e — K°[h (ﬁ);,,.mﬂ, (39d)

F E F E 2 G,

E(_):L‘_F h E E_F(i)l %U (T)J’I]I (399)

The boundary conditions are analogous to those imposed in section 3.2 see [29]. That is, at x = 0 where h = 0

8
both mass transport fields U,V should vanish, that is, Il = —i—_ and ¥ = 23 W = constant and y,/h = 0,

which implies that
(E1 F) . (E:I,'yFI,')

= 0, G=constant, % =0, at x =0. (40)

h )
As before there are also the matching conditions E, F, G and G separately at the breakerline, that is, we now

have that : ) )
Falas _ X;r:(irb N N
F(l’b) - X(:E,l,) 3 Er(‘vb) - G;r(l?b) =0 (41)

Equations (39a, 39b, 39c¢, 39d, 39¢) form five equations for only three unknowns. Hence in general there is
unlikely to be an exact solution, and instead we seek an approximate solution. First, we note that when =0
(the frictionless case) there is an exact solution, as then we can satisfy (39c) with E = 0, and then provided we
also set Eq= 0, equations (39d, 39e) are also satisfied, leaving only (39a) for F and (39c) for G. This of course is
just the procedure we have followed above. Hence we shall regard the frictional terms as a perturbation on this
and so treat vy as a small parameter, noting that v, is dimensionless. Thus we infer that E = 0(v,), and for
consistency we must then also choose Eq = O(vy); indeed we will set Eq= 0 for simplicity.

It now follows that to leading order in vq, F is given again by the frictionless solution, so that it satisfies (55) see
[29] again. Indeed, since E = O(vy), the error incurred forF" is ()(yl)) from (39a). Next we see that the frictional

term in (39c¢) is O(yg), so that also G is again given by the frictionless solution (64), see [29] with an error of
()(yg). It remains to determine the leading order term for E. For this purpose we can use (39e), since the
alternative equation (39d) generates only a term for E which is O(yg). Then, using the above estimates for F, G
we see that (39e) becomes

ChE — E = %f 52z 42)
E..  KE 2

that is ChE—(f)mL = KFhf"/?Zm, (43)
1

on using (36), where a constant of integration has been set to zero. Here the right-hand side can be regarded as

known, and is given by the expression (53) see [29] for Z = G,/h.

Thus we see that the essential outcome of the frictional terms is to introduce into the surf zone an extra

component E(x)cosKy which, in the longshore direction, is out-of-phase with the component proportional to

sinKy in the shoaling zone.

4 Application to linear depth profile

Now we consider the linear depth h = ax, in which case F is given by (61) see [29] and Z is given by (64) see

[29]. Although the complete solution can be found using the method of variation of parameters, it will be

simpler to seek a more manageable solution in which the right-side is approximate in the limit x — 0. In that

case F, Z o x*and so the right-hand side is proportional to x*?, to the lowest order, that is
hs/QZm 5921/%9/‘2‘131/2

~ \ - _ (44)
F 6A2xy, sin (21/2)
Then the particular solution of (43) is proportional x*2,
201} 3/291/2,,11/2,.7/2
B, ~ — =29 . (45)
63K Al sin (21/2)
Equation (43) contains an analogous homogeneous equation to (57) see [29]
1 - .
FE,. ——E,— K°F = Ch‘lE, (46)
T
thus the homogeneous solution is found by putting u = x?and seeking solutions of

K*E
4Euu. - u =0
where 1 = Ca’ as in the inviscid solution. This can be solved in terms of Whittaker functions. However, again for
simplicity we seek just an approximation as x — 0, in which case the solution which satisfies the boundary
condition (40) is
Fh~ u=x2
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Finally we need to combine E;, E,to satisfy the boundary condition at (41) at x = x, so that

W03/ 22120 11/252/ T T x .
~ A2 o 1/2b {_(_)7/2—'__(_)2} (47)
63K Aj sin (21/2) Ty 4 xy
Thus we get from (34, 47) and (61, 65) see [29] in X <x, that the normalized stream function y, is given by
13 () in Ky + RG(x) + S E(z) cosKy , f 0 (48)
v, = S ] :08Ky , for <X <X
F(w) GO) "B :

where R = G (0)/F (x,) as before (68) see [29] and S = E (xp)/F (Xp) is a new parameter. Using the expressions
(61, 68) as in [29] and (47) we can write
51/093/2([11/2&7;/2\/5

S = : . (49)
14K A} sin /2
But we recall from (68) that
0.16ga’x
= 010907n
Aj

and measures the free parameter A,. Hence it is convenient to write the expression (49) in the form

S = S~|RI3/2, 122 here S, _ S.O(Sigllﬂo)b’o(}Z,

X Ky,

and is independent of the magnitude of Ay. Thus S is the new parameter which measures the effects of friction.
Note that it increases with the slope «, but decreases with the parameter Kx, measuring the long shore
modulation wavenumber. Numerical values for vq are not readily available, but we note that from Mei (1983)
section 10.6.2 we can estimate that voa = 0.01. Using Kx,= 0.2 as in the inviscid solution, we infer that a suitable
value is S = 0.4 (assuming without loss of generality that A, >0).
The normalized stream functions (48) are plotted for the same values of R=-0.02, R=-0.1R=-0.5and R =
—2 used in the inviscid solution respectively shown in figures below. In contrast to the figures in the invsicid
case, we see that the rip-currents in the frictional regime [1, 2, 3] are modified. There is a noticeable effect of the
friction terms, in that there is a phase shift of the surf zone component relative to the shoaling zone component.
In particular, note the case as R = —2.0 as shown in [4], contrasted with the inviscid case shown in figure [4]. In
general, as shown by the expression (50), the frictional effects increase with |R|
As wave forcing is large there is an improved output of the long shore component of the rip-currents. Overall
this means that with large R the near-shore current system and its circulation becomes noticeable in the region.

(50)

6 P
o] o
o, | ﬁ-a:/-"\
| : (T
05 1.0 15 20 2:5 30 ° 0s 1.0 1 20 25 30

Ey 5 Ky 3
| Q “
14 14 W
° °
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