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f ABSTRACT \
In this paper we locate the regions which contain all or some of the zeros of a polynomial when the
coefficients of the polynomial are restricted to certain conditions.
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I. INTRODUCTION
The following result known as the Enestrom-Kakeya Theorem [3] is of fundamental importance on locating a
region containing all the zeros of a polynomial with monotonically increasing positive coefficients:

n

Theorem A: Let P(z) = ) ajzj be a polynomial of degree n such that

j=0

a, za,, 2. za za;>0.

Then all the zeros of P(z) lie in |z| <1.

In the literature several generalizations and extensions of this result are available [].
Recently Gulzar et al [1,2] proved the following results:

Theorem B: Let P(z) = »° a].zj be a polynomial of degree n with
j=0

Re(a;)=a,;,Ima,)=4,,j=0212,..., n such that for some 4,0<4<n-1 and for some

k>1lo<7<1,

and
L= |a/1 —a171|+|a271 _a/172|

Then all the zeros of P(z) lie in

ka -ra +(1—f)|a4|+ L+22 ‘ﬂ,—‘

j=0

(k -1De |
z+

a

<
.|

Theorem C: Let P(z) = ) ajzj be a polynomial of degree n with
j=0
Re(a,)=a,;,Ima,)=p,,j=0212,..., n such that for some 2,0<2 <n-1 and for some

k>1lo<r7r<1,

and

L:|0:l—05171|+|a:£71 —a0|+|a0|.

Then the number f zeros of P(z) in |z| < 6,0 < 8§ <1 does not exceed
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la,|+ (k-Da |+ ka, —a, + L+ @-0)|a, |+ 221 ‘ﬁj‘
j=0

log
log i |a 0 |
S

I1. MAIN RESULTS
In this paper we prove the following generalizations of Theorems B and C:

n

Theorem 1: Let P(z) = )’ ajzj be a polynomial of degree n with

j=0
Re(a;)=a;,Ima;)=p,,j=0212,..., n such that for some 4,0<4<n-1 and for some

kl,k221,0<r31,

and

L:|a/1_a/171|+|a;~71_a172 1 0

Then all the zeros of P(z) lie in

ka, + (k, = Doy |+ |,

+ L—r(|al|+al)+22n: ‘ﬁj‘
j=0

1

k, -Da, (k,-1a_
+ p—

a a

n n

z ‘ <

a

n

Theorem 2: Let P (z) = Z a].zj be a polynomial of degree n with

j=0
Re(a,)=a,,Ima,)=p,,j=012,..., n such that for some 21,0<21 <n-1 and for some

kl,k221,0<131,

and

L:|aﬂ—a171|+|aﬂfl—a#2|+ ...... +|a -a |+|a0|.

Then the number of zeros of P(z) in |z| < 6,0 < § <1 does not exceed

1

log L[a
log t |a0| ”
o

+ (k- Dla, |+ ke, + 20k, ~ Do, |+ o[+ L-ra, +]a,)+ 2zn: ‘,Bj‘.
j=o0

Remark 1: Takingk, = 1, Theorem 1 reduces to Theorem B and Theorem 2 reduces to Theorem C.
For different values of the parameters in Theorems 1 and 2 , we get many interesting results. For example taking
7 =1, Theorem 1 gives the following result:

n

Corollary 1: Let P(z) = " a;z " be a polynomial of degree n with

j=0

Re(a,)=a,,Ima,)=4,,j=0212,..., n such that for some 1,0<21 <n-1 and for some
k., k, >1,,
ke, =2k,o = > a,
and
L:|0!1—0!g,1|+|a%1—a172|+ ...... +|al—a0|+|a0|

Then all the zeros of P(z) lie in
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K, + (K, ~1)(a,, +]a, prL-a,+2Y ‘ﬂj‘
j=0

(k;, -De
z+

2|

a

n n

Taking = = 1, Theorem 2 gives the following result:

n

Corollary 2: Let P(z) = 3" a,z’ be apolynomial of degree n with

j=0

Re(a,)=a,,Ima,)=p,,j=0212,.., n such that for some 2,0< 2 <n-1 and for some
k, k, >1,,
I(].an 2kzan—l2 _al+1_al
and
L:|a4_a171|+|a171_a/172|+ ...... +|a1—a0|+|a0|.

Then the number f zeros of P(z) in |z| < 6,0 < § <1 does not exceed
1 1
—log —

]
log — 0
o

+ (k, ~Dla,

a kg, + 20, D, [+ Loa, + 25 |1
=0

IHl. LEMMA
For the proof of Theorem 2, we need the following result:

Lemma: Let f (z) be analytic for |z| <1, f(0)=0 and |f (z)| <M for |z| < 1. Then the number of zeros of

M
f(z) in |z| < 8,0 < & <1 does not exceed ) log .
og L 10O
)
(for reference see [4] ).
3. Proofs of Theorems
Proof of Theorem 1: Consider the polynomial
F(z)=01-2)P(2)
=(1-z2)a,z" +a, 2" + .. +a,z+a,)
=-a, 2" +(a, —a, )z" + ... +(a,,-a,)2" " +(a, -a, )"
+ o +(a, —a,)z+a,
=-a, 2" —(k, ~Da 2"+ (ka, - k,a, V2" +(k, -Da, 2"+ (k,a, , —a,6 )z""
—(k, -Va, 2" v (e, ,—a, )2 et (a,, @ )2 (2 - Da, 2
t(a, —a, )z" +.. t(a,~a)z+a, +i{(B, - B, )" + .
+(ﬂ1_ﬂg)z+ﬂ0}
1
For |z| > 150 that < 1,vj=12,.., n,wehave, by using the hypothesis

n-1
[0/

F(2)|2]a, 2+ (k, ~Da, -k, ~Da, || ~ ke, ~ ko, |z + [k, ~t]a, ]z| + |,a,,

A+l A

A+1
+|r—1||al||z| +|0’4—0’471||Z

n-2
R

+ (an72 —an73)|z. A+l

n

T +|a1—a0||2|+|a0|+{|ﬂn—ﬂml”Z

Ca, e

n-1
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(k, ~Da, | |k,a,, —a,,]

2

n
= e[tz + (K, ~Da, -k, ~Da, |- {ka, ~Kka, |+ " + "
z
|an—2 7an—3| |a/1+177a/1| (17T)|aﬂ| |a/1 70{/171|

2 Foe n-a-1 n-a-1 n-1
i i i i

. |“1 * | |“ | |ﬂ _ B | M+ ......

T i
NSTAN Iﬂ ol

> |z [‘anz vk ~Da, — (k, Do, |-k, - ko, L]+ (k, -Da |

—an_2|+|an_2—an_3|+ ..... +|a“1—raﬂ|+(l—r)|al|
171|+ ...... +|a1—a0|+|a0|+|ﬁn—ﬂn71|+|ﬂn71—,6’n72|+ ......
“ 18- Bl + 2.

> |z|n[‘anz (k- Da, - (k, = Dla, |

+|ka

27 n-1

+|0{l—0.’

~{ka, ~kya, (k- Da, |

+tka,  —a, ,ta, ,—a, +ta,, —ta,+ (1~ 'r)|a|

P N T A A T P P P PR VI P
VAR AERVN

>e|'tla, 2+ (k, ~Da, ~ (k, ~Da |- {ka, + (k, ~Dla, |+ o, |+ L

~ella, @)+ 2Zn ‘ﬂj'}]

>0

a2+ (k, ~Da, - (k, ~Da,,|>ka, + (kK -Dla, |+|a,[+L-c(a,|+ o;l)+22n ‘ﬂj‘
j=0

ie. if

koa, + (k, ~Dla, [+ |a, |+ L—r(|a4|+al)+22n: ‘ﬁj‘
j=0

L (k-Da, (K, -Ya
a, a, ‘ |an|

This shows that those zeros of F(z) whose modulus is greater than 1 lie in

gt + (K, =Dl e, |+ Lo el [+ )23 |8
j=0

(k, Ve, (k, -1a ,
+ - <
2, 2| .|

Since the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality and since
the zeros of P(z) are also the zeros of F(z) , it follows that all the zeros of P(z) lie in

G, + (6, - Dla, |+ o, [+ Lo eda, [+ a )+ 25 ||
j=0

o (kD (K, -Da |
an an ‘

.|
n
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That proves Theorem 1.
Proof of Theorem 2: Consider the polynomial

F(z) = (1-2)P(2)

=(1-z2)a,z"+a, 2"+ .. +a,z+a,)
=-a, 2" +(a,—a, )z" + .. +(a,,-a,)z""+(a, ~a, )z’
+ o +(a, —a,)z+a,
=-a 2" —(k,-Da 2"+ (kea, —k,a, 2"+ (k, -Da, 2"+ (ke  —a )z
—(k, Va, 2" 4 (e, ,—a, ) e (@, @ ) T (e - a2
t(a, —a, 2"+ +(a,—a)z+a, +i{(B, - B, )T + .
+ (B, = Bz + By}
For |z| < 1, we have, by using the hypothesis
F(2)|<fa, |+ (- Do, |+ [, — ko, |+ k, Do, |+ |a,, —a, |+ &, -D]a, |
+|an72—an73|+ ...... +|a“1—'[ag|+(1—r)|ocl|+|a1—a171|+ ...... +|al—a0|+|a0|
1By = Bl By = B [ B 8]
<la, |+ (&, - De, |+ ko, Ko, + (K, ~D]a, |+ ke —a,, + (k, D]
ta, , o, gt +aﬁ+1—wc&+(1—r)|a)v|+|ai—a;_1|+ ...... +|0:1—050|+|050|+|ﬂI1

+|ﬂn,1|+|ﬂn,1|+|ﬂn72|+ ....... +|ﬁ1|+|ﬁ0|+|ﬁo|

a |+ (k, Do, [+ ka, +20, Do, p+lo,[+L-c, +|o,)

+ 22 ‘ﬁj‘
j=0
Since F(z) is analytic for |z| <1, F(0)=a, = 0, itfollows by the Lemma that the number of zeros

of F(2) in |z| < 68,0 < 8§ <1 desnot exceed

+ (k, ~ Do,

g L[an tka, +2(k, ~Dla |+ o, |+ L-2(a, +|ai|)+22n ‘ﬂj‘.
log — | °| j=0

o
Since the zeros of P(z) are also the zeros of F(z) , it follows that the number of zeros
of P(z) in |z| < 8,0 < & <1 des not exceed

1 1
—log j[‘an

1
log —
S

4 (ky —Dla |+ kia, +2(k, —D]a, p+le,|+L-c(a, +]a,p+2> ‘,Bj
j=o0

las

That completes the proof of Theorem 2.
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