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Abstract

This paper develops an EOQ inventory model for deterioratingitemswith two parameters Weibull
deterioration. Shortages are permissible andpartially backlogged. In this model we consider time
varying quadratic holding cost and ramp-type demand. The model is developed under two different
replenishment policies: (i) Starting with no shortages (ii) Starting with shortages.The aim of this study
is to find the optimal solutiontominimizing the total inventory costs for both the above mentioned
strategies. To elevate the model a numerical example has been carried out and a sensitivity analysis
occurred to study the result of parameters on essential variables and the entire cost of this model.

Keywords: Inventory, Partial Backlogging, Quadratic Holding Cost, Ramp-Type Demand, Single Item,
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Il Introduction

An economic order quantity model determines the quantity a company or a retailer must order to
minimize the total inventory cost by balancing the inventory holding cost and fixed ordering cost. In the usual
inventory system, it was considered that the buyer pays to vendor as soon as he receives the goods. Goods
deteriorate and their valuesdecreases over time. Electronic equipment may become outdated as technology
changes; fashion trends depreciate the value of clothes over time; batteries die out as they are old. The outcome
of time is even mostimportantfor consumable goods such as foodstuff and drugs.An inventory model for fashion
goods deteriorating at the end of the storage period was developed by Whitin [29]. Ghare and Schrader [7]
developed an exponentially deteriorating inventory model. A replenishment inventory model for radioactive
nuclide generators presented by Emmons [6].An order- level inventory model for decaying items with a
deterministic rate of deterioration was developed by Shah and Jaiswal [24]. The retailer receives the delivery of
goods and deterioration starts at that moment in all inventory models for decaying items. In real life situation,
some customers would like to wait for backlogging during the shortage phase but the others would not.
Therefore, the opportunity cost due to lost sales should be considered in the inventory models. Murdeswar[18];
Goyal et al. [11]; Hariga [15];Chakrabarti and Chaudhuri [2]; Hariga and Alyan [16] developed many inventory
models assuming that shortages are completely backlogged. Chang and Dye [3] considered that backlogging
shortages depends on lead time. An article in the field of deteriorating items with shortages has provided the
economic order quantity with a known market demand rate developed by Wee [28]. Sana [22] and Roy et al.
[19, 20, 21] developed many inventory models considering partial backlogging rates. The length of the lead time
for the next replenishment becomes main factor for determining whether the backlogging will be accepted or
not. A detailed review of deteriorating inventory literatures was provided by Goyal and Giri [12]. They
considered variable demand rate for many inventory models. Silver and Meal [25] considered time-varying
demand rate in their inventory models.
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In recent research, Covert and Philip [4] presented an inventory model where the time to deterioration
is considered with two parameter Weibull distribution deterioration. Ghosh and Chaudhuri [9] developed an
inventory model for two parameters Weibull deteriorating items, with quadratic demand rate and shortages were
permissible. Haley and Higgins [13] extended the inventory policy for two part trade credit, where the vendors
consider cash discount for paying within a specified period and due in a large credit period. Goyal [10]
developed the EOQ model under the conditions of permissible delay in payments. Aggarwal and Jaggi [1]
considered deteriorating items to develop ordering policy under the conditions of permissible delay in
payments.Sarkar et al. [23] developed an EOQ model for deteriorating items with shortages and time value of
money.Teng et al. [27] proposed an EOQ model with deteriorating objects, price perceptive demand, and
different selling and purchasing prices under trade credit policy and discussed the result obtained by Goyal [10].
Donaldson [5] provided ananalytical solution procedure of the basic inventory policy for a case of positive
linear trend in demand.Giri et al. [8] developed an economic order quantity model for single deteriorating item
with ramp type demand and Weibull distribution deterioration. Shortage is allowed and backlogged completely
over an infinite planning horizon. Skouri et al. [26] provided an inventory model with time dependent Weibull
deterioration rate, partial backlogging of unsatisfied demand and general ramp type demand rate. The model is
developed under two different replenishment policies: (a) starting with no shortages and (b) starting with
shortages. The backlogging rate is non-increasing function of the waiting time up to the next replenishment. Wu
[30] presented an economic order quantity model with ramp type demand and Weibull distribution deterioration.
Shortages are allowed partial backlogging and the rate of backlogging is dependent on waiting time for the next
replenishment.

The main purpose of this paper is to show that there exist a unique optimal cycle time to minimize the total
inventory cost.A numerical illustrationand sensitivity analysisis presented to show the result of the proposed
model.

1. Assumptions
The following assumptions are mandatory todevelop mathematical model:
1. The Inventory system consider single item.

2. The inventory level defined by 1 (t) attimet. i.e.
I,(t)>0, 0<t<t,

I(t)= , Where | (t) is retailer’s stock level.
| 1,(1)>0, t<t<T

IA

3. The demand rate D (t) is a ramp type function of time and is defined as:

(Dt, t< u o ) _
D(t)=1 , Dt is positive and continuous for time t [0, T |
{Dy, t>u

4. The lead time is zero.
5. Shortagesare allowed and partially backlogged.

6. Cycle horizon is considered as T units of time and replenishment rate is infinite.

7. The rate of deterioration is time dependent, which is two parameters Weibulldistribution deterioration,
denotedby 6 = aft” " where 0 <o <1, g >1andt > 0.Avalueof t <1 defines that the failure rate
decreases with time. This happens if imperfect items are deterioratingfirst and the failure rate decreases with
time. A value of t = 1 defines that the failure rate is deterministic over time. A value of t > 1 definesthat
the failure rate increases with time.

8. The ordering quantity level is considered as Q .

9. Holding cost HC (t) is a time dependent quadratic function and is defined as

HC (t)=a+bt+ct” where a>0 b>o0and ¢c>0

Il. Notations
The following notations are mandatory to develop mathematical model:

H C : The stock holding cost per year.
S : The shortage cost per year.
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T : Length of time is considered as annually.
t, - Time at which inventory becomes zero.
T C : Total inventory cost.
LS : Lost sale cost.
I (t) :Inventory level at timet .
H : Ramp-type demand function of time.
D :Deterioration cost.
V. Mathematical Modelwithout Shortages:

The inventory model is starting without shortages. At the start of the cycle, the production starts at
t = 0 and continuesup tot = t, . At this time theinventory level reaches its maximum level and then production

is stopped. The inventory lessens to zero due to demand and deteriorationduring [O, tl] and falls to zero att = t,

Thus, shortages occur during[t,, T ] which is partially backlogged.Therefore, the inventoryis described by the
followingdifferential equations:

di, (t)
———=-01,(t)-D(t),0<t<t ..(1)

dt
with boundary condition I_ (t,) = 0
di, (t)
———==-D(t)5(T —t),t, <t <T . (2)

dt
with boundary condition 1, (t,) =0
Where

(Dt, t <
D (t) =14 “ and 0 =apt’’,
LDy, t>p
There are two cases arise: (i) t < x and (i) t> u
4.1. Case (i)t < u
From Eq. (1), we have
11 a j

| (t)=-De ™" | =(t-t*)+ t "% 72 ..(3
() S0 ] (3)
Eqg. (2), solved by the following two ways:
di, (t)
———=-Dt5 (T —1t), t, <t< u (i)

dt
di, (t)
———=-Dus (T —-t), a<t<T, 0 (u )=1(u, ) (ii)

dt
We have,

|—T 2 2 1 3 3—‘

I (t)=-Do& ) —(t" -t )-—(t" -t (4
o (1) LZ( ., ) 3( 1)J (4)
and
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l,(t)=-D5 B ——Tt2+£t3—i,ut2+Tt—| (5)
b L 1 2 1 3 1 2 J
Where
12 1 54
B,=—Tu +—u -Tu
2 6

1

p+2
Total cost of holding during [0,t, ] is

D
Dcsztea‘ﬁdt—thdtza—t”*z ..(6)
0 0

t,

. |—b 4 a 3 £+3 24+3 L+4 2,B+4—|
HC :J‘Hl(t)la(t)dt:DL—tl +—t +Bt " -Ct T+ Et” T - Ft, (7)
. 8 3
Where
2 2 2
aa aa aa ba ab ba
B = - C = JE = - F =

B +3 (,b’+1)(ﬂ+3)’ (B+1)(28+3) _2(ﬂ+4) (B+2)(B+4) (B+2)(2p+4)

The shortage cost during[t,, T | is

T M T
[ 1 1
SC=;(—Ih(t)dtzIj—lb(t)dt+£—lb(t)dt=D&LBZ—Etf(GTz—STtl+3tf)J ..(8)
Where
T 3 1 4 1 3 3 T 2 2
B, =—pu ——pyu +B (T —pu)——pu(T —pu )+—(T —pu
‘6 12 : ) 6 ( ) 2( )
Lost sales cost during[t,,T | is
H T 1
LS:J‘(lfﬁ(Tft))Dtdt+D,uJ'(lf5(Tft))dt:gD[B372§tf+3(5T71)t12],.(9)
t u
Where
B, =6uT +36u'T —3usT*-3u’-ou’
Ordering quantity during[0, T ] is
] H T
B
0Q =-[e” Dtdt-Ds[t(T ~t)dt-Dus [(T ~t)dt
0 Yy M
K 1 6T 1 su’ 1,
00-p Lera o0, @ e L e O L .(10)
L:»; Lz 2J B+ 2 2 2 6 J

Total cost during[0,T ] is the sum of deterioration cost, holding cost, shortage cost and lost sales cost is given

by
TCl(tl)z HC +S_+LS+D,

[ b & 1 1
| ¢ tlﬁ+2 +(———jt14 +—(a+20T —§)t13+ Btlﬁ+3 —Ctlw+3 |
2 8 4 3
TC,(t,) = DI A+ . . i ..(11)
F—Etlﬁ“‘—FtlZ””Jr—(éT —8T 1)t + —>+ 58, |
2 6
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4.1.1. Solution:
oTC |rat1"“+[2—5}13 +(a+25T -6t +B(B+3)t " -C (2ﬁ+3)—l

=D 2 | .(12)

ot
: (L7 E (B T S F (284 ) (0T S 6T -1y, |
I—a(ﬂ +1)t,” +3{%—5Jt12+2(a+2m ~8)t, +B(p+2)

o’TC |

=D I (B+3)t/ " —c(2p+2)(2+3), "+ E(B+3)(B+ 4" .(13)

ot

1

:
I
I
| ~F (28 +3)(28 + )t +6T —-6T" -1 |

Main objective is to minimize the total relevant cost for the inventory model starting without shortages. The

oT
essential condition to minimize the total relevant cost is

L = 0, we have
ot
B+1 (b \ 3 2 p+2
at, +L——5Jt1+(a+25T—5)t1+B(ﬂ+3)t1 -C(2p+3)
2
PR E (B F (28 4 (6T 6T 1)t = 0 -(14)

Using the software Mathematica, we can calculate the optimal value oft by Eq. (14) and the optimal
valueTC, (t,) of the total relevant cost is determined by Eq. (11). The optimal value of t, satisfy the sufficient
condition for minimizing total relevant cost TC (t,)is

a’Tc,

at’

1
The sufficient condition is satisfied.

>0 ...(15)

50+
40—+

30~

—104+

Fig.1. Graphical representation of TC and t, .

4.1.2. Numerical example:
Let us consider

a=3%$1/unit,b = $0.5/unit,S_=$0.5/unit,D_  =$5/unit,a =0.1, 8 =2,T =1lyear,D =100,
o0 =1,u=0.5year
B,=-0.35B,=0.14,B,=1.4,B=0.02,C =0.0005,E =0.002,F =0.00015
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Thus, the optimal value oft,ist,” — 0.44 < x . The optimal ordering quantity isO Q " =17.5. The minimum

relevant cost isTC,” = 28.6 .

4.1.3. SensitivityAnalysis:
To know, how the optimal solution is affected by the values of constraints, we derive the sensitivity analysis for
some constraints. The specific values of some constraints are increased or decreased

by +25% ,-25% and +50% ,-50% .Thus,we computethe values oft,” and T C," with the help of increased or

decreased values of S_and D .The result of the minimum relevant cost is existing in the following table 1.
Table: 1

Parameters |  Actual +50% Increased | —50% Decreased | +25% | —25% Decreased
Values Increased
S 0.5 0.75 0.25 0.625 0.375
D 5 7.5 2.5 6.25 3.75
tl* 0.44 0.5 0.23 0.5 0.34
-I-Cl* 28.6 40.75 14.93 34.7 21.98
0Q° 17.5 18.9 14.58 18.9 15.93

From the result of above table, we observe that total relevant cost and ordering quantity is much affected by
deterioration cost and shortage cost, and other parameters are less sensitive.

4.1.4. When Holding Cost is a Quadratic Function:
We have

HC :jHl(t)la(t)dt = Ji(a+bt+ct2)De’””ﬂ {%(tlz —t2)+

0

2p+3

+Et” - Ft

1 1 171 271

[ ¢ b a .
HC =D —t +—t'+—t +Bt” " -Ct,
|15

8 3
Where

aa (1 1 A\ aa? ba

(1
B=ﬁ+3t 7(ﬁ+1)J'C =(ﬂ+1)(2ﬁ+3)'E=(,3+4)L;7(ﬁ+2)J'

E_ be ® B o cC ( i_ 1 A B ca’

(B+2)(28+4) (/3+5)L3 (ﬂ+3)J' (B +3)(2p +5)
Total cost is the sum of quadratic holding cost, shortage cost, deterioration cost and lost sales cost during
[0.T]

1 2

TC,(t,)=HC+S_+LS+D,

I_ = tl/HZ*itlS*{E*thlA+£(a+25T7(5)t13+Bt1/“37Ct12/“3-|‘
Tcl(ﬂ): DI L+ 2 15 8 4 3 | “(17)
FELT SRR RS Ft T i((s‘T 1 ST t2 4 5B, + lBB ‘
L 2 6 ]
4.1.5. Solution:
[ c b 1
oTC Iat1ﬁ+1+t14+(—5)t13+(a+25T ~)t S+ B(B+3) T —Cc(2p+3)t"° |
1_ DI 3 2 | _,(18)
ot
! PE (B+8 = F2p+ )R (B+5) - F, (28 +5)t" 4 (6T —1—5T2)t1J
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+F (B+a)(B+5) T —F, (28 +4)(28+5)t" T+ 6T —1-06T"

:—a(ﬁ+1)tlﬁ+4ct13+3[b—5}12+2(a+26T—§)t1+B(ﬁ+2)(ﬁ+3)t1ﬂ+l—I
3 2
a'TC | . _—
21=DI—C(2ﬁ+2)(2ﬁ+3)tlﬁ TE(B+3)(B+4) P -F (25 +3) (25 +4)t I...(lg)
ot
| |

|

Main objective is to minimize the total relevant cost of the inventory model starting without shortages. The

1

oT
essential condition to minimize the total relevant cost is = 0, we have

ot

1

c b
at1/i+1+_tl4 +{__5jt13+(a+ 20T —5)t12 +B(p+3)
3 2

B+2

—C (2B +3)t, P+ E (B +4)

" F AT F (B - F (28 +5) ¢ (6T -1-0T 2)tl =0 ..(20)
Using the software Mathematica, we can calculate the optimal value oft by Eq. (20) and the optimal
valueTC, (t,) of the total relevant cost is determined by Eq. (17). The optimal value of t, satisfy the sufficient
condition for minimizing total relevant cost TC (t,)is

a’1C
—>0 ..(21)
ot,

The sufficient condition is satisfied.

100 4

90

80

70

60

50

40

30

20 +

10 +

Fig.2. Graphical representation of TC and t, .

4.1.6. Numerical Example:
Let us consider

a=$1/unit,b =$0.5/unit,c=1,S_=$0.5/unit,D,  =$5/unit,a¢ =0.1, # =2,T =1lyear,D =100,
6 =1,u=0.5year
B1 = -0.35, B2 =0.14, B3 =1.4,B=0.01,C =0.0005,E =0.002,F =0.00015, F1 =0.002, F2 =0.0002

Thus, the optimal value oft ist” — 0.425 < x . The optimum ordering quantity isOQ =17.5. The

minimum relevant cost isTC," = 28.69 .

4.1.7. SensitivityAnalysis:
To know, how the optimal solution is affected by the values of constraints, we derive the sensitivity analysis for
some constraints. The specific values of some constraints are increased or decreased

by +25% ,-25% and +50% ,-50% .Thus,we computethe values oft,” and T C," with the help of increased or

decreased values of S_and D .The result of minimum relevant cost is existing in the following table 2.
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Table: 2
Parameters Actual +50% —50% +25% —25% Decreased
Values Increased Decreased Increased
S 0.5 0.75 0.25 0.625 0.375
D 5 7.5 2.5 6.25 3.75
tl* 0.425 0.58 0.23 0.51 0.33
TC, 287 40.61 14.83 34.9 22.01
0Q° 17.5 18.9 14.95 18.9 15.93

From the result of above table, we observe that total relevant cost and ordering quantity is much affected by

deterioration cost and shortage cost, and other parameters are less sensitive.

4.2. Case (ii):it > u
The differential Eq.(1) becomes

di, (1)
—+0|a(t)=—Dt, OStSy,I(,ui)zl(er)
dt
di, (t)
———+01,(t)=-Du, u<t=st, 1(t)=0
dt
We have
—at/tr 1, a p+2 ap ﬂ+1—|
I, (t)=De C,——t - t7 ot o+ t, , 0<t<u (22)
L 2 p+2 p+1
Where
(1 P
C, = - au” " ——u
Lﬂ+2 ﬂ+1J 2
7atﬂ|— o g1 [24 /“l—l
and1_(t)= Due t o+ t" -t ——t . ustst .(23)
L g +1 g +1 J
The differential Eq. (2) becomes
dr, (t)
———=-Dus (T -1), t<t<T,I,(t)=0
dt
‘ [ 1 T
We have Ib(t):Dyé"[(Tft)dt:DyétT (tftl)f—(tzftlz)J, t,<t<T ..(24)
2
t1
Total amount of deterioration during [0, t, ]
L e [ au ]
D,=[Dte” dt+Dyufe” dt— [Dudt=D|S+——t"" ..(25)
0 L g +1
u u
Where,
2
(1 1)
S - au’"?
2 Lﬂ+2 ﬂ+1J
Total holding cost during [0,t, ]is
4 H 4y
HC = [H (1)l (t)dt=[(a+bt)l (t)dt+[(a+bt)l (t)dt
0 0 "
www.ijceronline.com Open Access Journal Page 35



EOQ Inventory Models for Deteriorating Item with...

b a + + + + +
HC =D [?ﬂtngrT'utlz+(C3+C5y)t1+(C4+yC8)tlﬂ rc,ut”t wc ut v, ut v cut 3+Cz]..(26)
Where,
( 3
c, = 1 __ 1 ba ™ 4 1 _ 1 - aa2ﬂ2ﬂ+3*baC1/lﬂ+2*aaCI‘uﬁ’]+ibll4+£aﬂz
2(p+2) (B+1)(28 +3) (B+2)(2p+3) 2(8+1) p+2 p+1 24
(1 1 1 R T 1 1 1) ,. bC, ,
+ - + - bau + - - aau + u-+auC,,
Lz(ﬂ+4) (ﬂ+2)(ﬁ+4) (ﬁ+1)(ﬁ+3) (ﬁ+3)J L(ﬂ+1)(,6’+2) (B+2) 2(ﬂ+3)J 2
2 aa B2 blua baﬂ/j” aZ/‘Z a/“lz B+l ba#3 bazﬂ/ﬂa
Co=ap ———pu  +—~ C, = - TH -
p+1 2 B +2 B+l (p+1) 2(p+1) (B+1)(B+2)
aoc,u'B+1 by2 bocy’g+2 ba ba ba ba

—apu-—+ .C + :

(p+1) T2 (pe2) P 2(pe1) (Bel)(pe3) (f+2) (B+3)

2

C:(l_l\aa C:(l_l\aa
! L (ﬂ+1)J(ﬁ+2)' ? L(2ﬂ+2) (p’+1)J(p’+1)’

c aozz,u'B+1 aau boz,u2 b,uﬂ+20l2 c ( 1 1 ) ba
8 2 - + ST -
(B +1) B+1 2(p+1) (B+2)(p+1) L(2ﬂ+3) (ﬂ+2)J(ﬂ+1)
The shortage cost during [t,, T ] is
i T|— 1 2 2 —| |—T3 2 2 tf—l
S ==l (t)dt=Duds||T(t-t )——(t" -t dt=Dud|—-Tt, +Tt  —— | ...(27
c ;" o (1) H !L ( V) 2( 1 )J H LS 1t BJ (27)

Lost sales cost during[t,, T ] is
) 1
LS =Du[(1-6(T -t))dt=-—Du(T -t,)(-2+T5 - 4t,) ...(28)
2

4

Ordering quantity is during[0,T ] is

“ 4 T
B
0Q = [Dte” dt+Dyufdt+Dus[(T -t)dt
0 u t
[ us ’ 5T
_DLﬂ—t12+(l—§T)ytl—ﬂ—+ 2ty & .(29)
2 2 p+2 2

Total cost is the sum of deterioration cost, holding cost, shortage cost and lost sales cost during[0, T |

TC,(t,)=HC+S_+LS+D,

[ ( au )]
|Cloyt12ﬂ+3+C9,ut1w+2+C6/1t1ﬁ+3+C7yt1ﬂ+2+LC4+yC8+ as J |
| prt)
| oy |
. (b &) (apy u 3 (C3+C5,u—,u5T 3
TC,(t,)= D:tl” 1+yL———Jt13+L———+ yaTJt12+ t, I(SO)
| 6 3 2 2 —u(1-6T) |
| ,u§T3 U 2 |
+ -— - + +
| ST uT +C,+S |
L 3 2 i
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4.2.1.Solution:
[ ]
:cloy(zﬁ+3)t1““+(:9y(2,3+2)t12’“1+c6y(,3+3)t1M :
| |
8TCZ:D|+c7y(ﬁ+2)t1”“+((:4+yc8+ e \(ﬂ+1) +3u (o \t12| ..(31)
ot, | L ﬂ+1J L SJ |
| |
|+2(aﬂ—£+y5T\tl+C3+C5y—y5T2—y(l—éT) |
| 2 2 J |
|F(:my(zﬂ+2)(2ﬁ+3)t1”“+cgy(2ﬂ+1)(2ﬂ+2)t12"f+csﬂ T|
a’'TC, | ot ;s aup |
2 3)t C 1 2)t C C (32
o :(/J’+)(ﬂ+)1 + 7ﬂ(ﬂ+)(ﬂ+)1+t4+ﬂa+ﬂ+1” (32)

Lﬂ(ﬂ + ) (b - 28 )t v au - us +2u5T
Main objective is to minimize the total relevant cost of the inventory model starting without shortages. The

i . L. . 0TC
essential condition to minimize the total relevant cost is 2 = 0, we have

ot

1

Cou(28+3)t" " vcu(2p+2)t " +Cu(B +3)t

B+2

+Cou(p+2)t/ "

+(C4+yCB+ i \(ﬂ+1)tlﬁ+3y(b 5\t +2(aﬂ—ﬁ+,u§T\tl+C3
L ﬂ+1J LG SJ L 2 2 J
+Cou—udT  —u(1-6T)=0 ...(33)

Using the software Mathematica, we can calculate the optimal value oft by Eq. (33) and the optimal
valueTC, (t, ) of the total relevant cost is determined by Eq. (30). The optimal value of t, satisfy the sufficient
condition for minimizing total relevant cost TC, (t, ) is

a'TC

ot.’

1
The sufficient condition is satisfied.

250 --(34)

Sy -~

=5 -4 3 2 —_j04 1 2 3 4 5

Fig.3. Graphical representation of TC, and t, .
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4.2.2. Numerical example:
Let us consider

a=2%$1/unit,b =%$0.5/unit,S_=$0.5/unit,D_ =$5/unit,e =0.1,8 =2,T =1lyear,

D =100,6 =1,u = 0.5 year

C,=-012,5=0.12,C,=-0.02,C, =0.28,C, =0.002,C, = -0.56,C, = 0.0025,
C,=0.017,C, = -0.018,C, = -0.0005,C,, = -0.0002

Thus, the optimal value oft,ist,” — 0.54 > x . The optimum ordering quantity is OQ " =19.95 . The

minimum relevant costisTC,” = 77.03 .

4.2.3. When Holding Cost is a Quadratic Function:
Total Quadratic holding cost during [0, t, ] is

4 M 4

HC :J‘H1(t)|a(t)dt:J'(a+bt+ct2)la(t)dt+j(a+bt+ct2)la(t)dt

0 0 "
[cu b a (C.a 3 i
e Ay +—ﬂt12+,u(C3—C4)t1+,u ——C, 1t/ v c ot
HC =D 12 6 2 Lﬁ+1 J | -(35)
p+3 B4 28+2 2p+3 28+4
LJrCSytl - C ut + Cut, + Cyut) +C, ut, +C, J
Where,
a , aa .3 aa i aa .3 aa’ 2443 b/,z2 bu4 boty’/f“1
C,=auC -—u —— - u’ C, + u’ u® +—C-—
6 (ﬂ+2)(ﬂ+3) p+1 2(ﬁ+3) (ﬂ+2)(2ﬂ+3) 2 8 (,6'+2)(,6’+4)
7ba;1ﬁ+2 c ba N ba’u?t +£CC]—L;15— ca u - ca’u®’®
B +2 2(ﬁ'+4) (ﬂ+2)(2ﬂ+4) 3 10 (ﬁ+3) (ﬁ+1)(2ﬂ+4)
ca’ 2pes @ 3 aot‘uﬂi3 aot,u/H3 aazz,uwh3 b , ba,u/HA ba,u/HA baZ,uMM
———u +—u+ - - +—u+ - -
(B+2)(2p+5) 2 (B+1)(B+2) (B+2) (B+1)(2p+2) 3 (B+1)(B+3) (B+3) (B+1)(28+3)
+£#5+( 1 +1\ca;4/“57 a u ca #[,+5’C3:|(aﬂ7aay"“leryziba,uﬁ’z+c;zzicay/“3\"
4 L(ﬂ+1) J(ﬂ+4) (B+2)(B+5) 2(p+5) L p+1 2 B+2 3 p+3 )
aa/,t/“l b,u2 C,u3 bot;tb2 Ca‘uﬁd ba ba ba ba ( 1 )\ aa
C,=au- - + ,Cy = - - + ,Co=|1~
(B+1) 2 3 (B+2) (p+3) 2(p+1) (B+1)(B+3) (B+2) (B+3) L (B )J(ﬂ+2)
( B 2‘\ 2 p+2 2 p+3 2
6a—-6aau” —3bu—-2cu ba " u ca u aa
C,=au + + Cg=r—,
6(8+1) (B+2)(B+1) (B+1)(B+3) 2(p +1)

1 1 ) ba’ ca ca ca ca

(
( (26 +3) ﬁ+2)J(ﬂ+1)' “’_(ﬁ+1)(ﬂ+4)+(ﬂ+4)+(,3+3)+3(ﬂ+1)'
(

1 ) ca’

1
L(2ﬂ+4) (,B+3)J(ﬂ+1)
Total cost is the sum of quadratic holding cost, shortage cost, deterioration cost and lost sales cost during
[0.T]

11

TC,(t,)=HC+S_+LS+D,

lc b & a & [ a C,a 1
\—”tl +,u(f—th +,u[§T+7——]t12+/4(C3—CA—5T2+5T—1)t1+,uL +3—7c 1"
6 3 2 2 +1 +1
TC,(t,)=D/ d A NED
2 1 ‘ |
‘+ t/)\z c p+3 B+a 2842 25+3 28+4 yﬁT i |
| Ht, +C,ut) = C ut, +Cout, + Cqut; +C,ut, + — 2 5 uoT C + uT +S ]
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4.2.4. Solution:
;’Citfﬁ»‘u(gfzs}tlzi»ﬂ(zﬁ-r +a-8)t+p(C,-C,=8T°+8T -1)+ u(a+Cua-C,(f+1))t’
2

|
oTC
2 p } +Cou(f+2)t/ v (B3 —Ccu(B+ra ST rCcu(2f+2)t T v u (28 +3),
ot

S
I

2p5+2

1
|
|
[

+Cu (28 +4)t° |

;cht12+,u(b72z)‘)tl+,u(21)‘T +a-6)+pup(a+Ca-C, (f+1))t"
0 TEZ =Dl+Cu(p+r)(p+2)t) +Cou(B+2)(B+3)t " —Cu(B+3)(B+4),
at \

' | +Con (28 +1)(25 + )t vcyu(2p+2)(2p+3)t v Cu (28 +3) (25 + 4)t,

pe2

|
} ...(38)
2/3—2J

Main objective is to minimize the total relevant cost for the inventory model starting without shortages. The

. . . . oT
essential condition to minimize the total relevant cost is

2 =0, we have
at,
CU 3 (b A 2 s
=t +/¢L;—5Jt1 +u (26T +a-6)t,+u(Cy=C, 6T +6T ~1)+ u(a +Coa —C, (B +1))t,
3
+Cu(pr2)t/ v u(Be)) (B v u(2p ) v Cu (28 +3)
+CLu(2p+4)t" =0 ..(39)

Using the software Mathematica, we can calculate the optimal value oft by Eq. (39) and the optimal
valueTC, (t, ) of the total relevant cost is determined by Eq. (36). The optimal value of t, satisfy the sufficient
condition for minimizing total relevant cost TC, (t, ) is

a’TC,

ot’

1
The sufficient condition is satisfied.

>0 ..(40)

4.2.5. Numerical example:
Let us consider

a=$1/unit,b =$0.5/unit,c =1,S =$0.5/unit,D_  =$5/unit,a =0.1,8 =2,T =1year,D =100,5 =1,
u =0.5year

¢,=-012,C,=-0.02C,=06,C,=0.39,C,=0.0025C,=0.017,C, =0.013,C, =-0.0005,
C,=-0.0002,C,, =0.053,C , =-0.00025

Thus, the optimal value oft, ist,” — 0.5 = x . The optimum ordering quantity iSOQ " =19.95 . The minimum

relevant costisTC,” = 82.8 .

V. Mathematical Model with Shortages:
The cycle starts with shortages that occur during the period[0,t,]and shortages are partially backlogged.

Replenishment grasps the inventory level up to Q after timet,. The inventory level depletes and falls to zero
att = T because of demand and deterioration during[t,,T | Two cases occur
Wt <

(i)t, > 1
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5.1. Case (i)t, < u

Therefore, the inventory I (t)is  described by the system of differential  equations

during[0, T |
da, (t)
———=-D(t)s(t,-t), 0<t<t, q(0)=0 ..(41)
dt
da, (t)
T+9q(t)=—Dt t<t<upu, q(u )=q(u,) ..(42)
da, (t)
———+60q(t)=—-Dux £<t<T, q(T)=0 ...(43)
dt
From Eq. (41), we have
1 t° 1
ql(t)=—D5L;tlt2—?J .(44)
From Eq. (42), we have
[ 1 i
q,(t)=e DD, - =t} + —2 /7 ..(45)
L 2 p+2
Where,
/12 aﬂﬂ+2 ap B+l B+l
D,=-—~- +uT - (T -u"")
2 p+2 p+1
From Eg. (43), we have
( ]
q,(t)=e “'DuiD, —t-——t"| ..(46)
L g+l
Where,
D,=T + ——1""
g +1
Total amount of deterioration during [t,, T |
u T M T
D,=e “" !IDtem dt + Dyje”“ dt—J'DtdtL—(T —,u)D;z_[ldt
lll u t, u
[ ( £ \ 1
DC:D|(1—at1”)|tf+a1—+ D, |-D,| ..(47)
L { 2+ p ) |
au T1+/3_#1+/3 2
Where, D, = uT - u° + ( )_u_’ D, = u(T-u)
1+ 8 2
T
Total holding cost during [t,,T ]is HC = J‘(a+ bt)q (t)dt
t1
HC =D [DS +D, +Et14 +it13—£bD1t12 —aDt, -D.t"" -Dt "+ Dt + Dt T+ Dt Dmtl”*“].(w)
8 6 2

Where,
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D5:aﬂDz(T_ﬂ)+i(bD2_a)(T2_IUZ)_b_/u(TS_ﬂ3)+$(1—2ﬂ+3_ﬂ2/ﬂ3)
2 3 (ﬂ+1)(2,b’+3)
2 ( ) (
N aa u (T2ﬁ+2_ z,/}+2)+ abpu 1- 1 (Tﬁ+3_ﬂ/}+3)+ ap a- ~bD,
(ﬂ+1)(2ﬂ+2) (ﬂ+3)L (ﬁ+1)J (ﬁ+2)L (,B+1) J
(Tﬁ”—yﬁ”)—%(Tﬂﬂ—yﬁﬂ),Ds:aDl,u+ibD1y2—iy3—Ey4—Ly”M+L
(,B+1) 2 6 8 (ﬂ+2)(2ﬂ+4) (ﬂ+4)
(1 1) pid aa’ 1543 aa (1 1) ses abD, ., aaD, 4,
—+ I + = - :
LZ (ﬂ+2)J (B+2)(2p+3) (ﬂ+3)L(ﬂ+2) 2 (B+2) (B+1)
ab [ 1 1) aa [ 1 1) abD, aa D,
D, = +— |, Dy = +—|,Dy = Dy = ,
(,B+4)L(,b’+2) ZJ (ﬂ+3)L(ﬂ+2) ZJ (B+2) (B +1)
aa’ ba’
D,, = Dy, =
(B+2)(28+3) (B+2)(2p+4)
The shortage cost during [0, t, ] is
. . . D5 ,
S, = [(t,-t)Dts (t, ~t)dt=Ds[t(t,—t) dt=—t ..(49)
5 o 12
The lost sales cost during [0,t, ] is
. (1, 1 )
LS =\|(1-6(t —-t))Dtdt=D | —t~ ——5t ...(50
{( (t-1)) sy (50)
Ordering quantity during[0, T ] is
0Q,"= [Dts (t, - t)dt+e JIDte“'”dtJr Dyje“‘”dtl
[ p 1
OQ1'=D|£5t13+(1—at1ﬂ)|(£(,u2—t12)+ (ﬂ”*z—tlff*z)+y(T—y+ (T'Ml—yﬂﬂ)\\H...(Sl)
| 6 | 2 B+2 L B +1 J)J

Total cost during [0,T ]is the sum of deterioration cost, holding cost, shortage cost and lost sales cost is given
by

TC,(t,)=HC +S,+LS+D,

2

(b & a-o 3-bD a 1
| {—+ —J t' t’+ St —aDyt + Dt e Dt e ——t
, 8 12 6 2 B+2 |
TC, =D (52)
| ( \ |
B4 p+3 o p+2 p+1 B
|L_D7tl D.t, +LDg_a+ﬂ+2Jt1 +D,t" -D,at +D3—D4+D5+D6J|
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5.1.1. Solution:
[(b & a-é 1
|[;+;jt13+ . t"+(3-bD,)t,+ D, (28 +4)t""7+ D, (28 +3)t"" |
| |
aTC | e’ (2p+2 o o 3 |
: :D|—¥tfﬂ“—D7(ﬁ+4)t1ﬁ+3—DB(ﬁ+3)tlﬂ 2+LD97(1+ ‘ J(ﬁ+2)t1ﬂ”|...(53)
ot | p+2 p+2 |
I+Dw(/3 +1)t” - D,apt” " - aD, I
| ]
’—3(b+5}t12+(a6)t1+ D12(2ﬁ+3)(2,8+4)t12/“2+D11(2,8+2)(2,8+3)t1”+1—l
| \23 |
2 | a?(2p+1) (28 +2 |
anl -p|-Z (2A+1)(2h+ )tf”—D7(ﬁ+3)(ﬁ+4)t1’“2—Dg(ﬂ+2)(ﬁ+3)t1”“+3+ |...(54)
at, \ B+2 |
}( ) Vi p-1 p-2 {
LLDg—a+ﬁ+2J(ﬂ+l)(ﬁ+2)tl + DA (B +1)t " —DaB (B -1)t" *-bD, |

Main objective is to minimize the total relevant cost for the inventory model starting without shortages. The

1

ot

1

essential condition to minimize the total relevant cost is = 0, we have

(b &), a-¢6

a’ (28 +2)
L—+—Jt1 + t°+(3-bD,)t,+ D, (28 +4)t"" 7+ D, (28 +3)t,"" - ————"
2 3 2

g+2

D, (B+M4)t 7D, (p+3)t] "+ [Dg a2 ](p +2)t""+ D, (B +1)t]
-D,apt” " —aD, =0 ...(55)

Using the software Mathematica, we can calculate the optimal value oft by Eqg. (55) and the optimal

valueTC1' (t,) of the total relevant cost is determined by Eq. (52). The optimal value of t, satisfy the sufficient

condition for minimizing total relevant cost TCI' (t,)is

a’tc,
at”

The sufficient condition is satisfied.
5.1.2. Numerical Example:

Let us consider

a=28%1/unit,b =$0.5/unit,S_=%$0.5/unit,D_=$5/unit,a =0.1, 4 =2,T =1year,D =100,
60 =1, u=0.5year

D,=0.36,D,=1.03D,=0.14,D, = -0.25,D, = 0.096,D, = 0.27,D, = 0.00625, D, = 0.015,
D, = 0.0045,D,, = 0.006,D,, = 0.00035,D,, = 0.00015

Thus, the optimal value oft,ist,” — 0.035 < x . The optimum ordering quantity is 0Q " =39.05 . The

minimum relevant cost isTC,” = 33.9 .
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5.1.3.When Holding Cost is a Quadratic Function:
We have

T

HC = [(a+bt+ct’)g(t)dt

[ ¢ s b, s 1 2 p+3 p+1 ]
| Etl + gtl +D.t" - ;bDlt1 —aD;t + D, + D, - D,t, + D,t, |

HC =D | (57

| 25+3 p+a abDl p+2 2p+4 p+5 2p+5 | ( )
\""Dlotl D11t1 + (ﬂ N 2) L + D12t1 - D13t1 + D14t1 J
Where,
{aD (T ) (szfa)(Tz 2) CDz_b(Ta 3) C(T4 4) Caz (T2ﬁ+4 2ﬂ+4) —}
) - + - + — - -— - + -
I “ 3 #“ 4 # (B+1)(28+4) “ }
2 2 ( \

D5:/"I+ a’b (T25+3_‘uzﬂ$3)+ aa (T 2p42 _ 25+2)+ Ca Ll_ 1 J(Tﬂ+4_uﬂ+4) }'
| (B+1)(28+3) (B+1)(2B8 +2) (B+4) (B+1) ‘
| ( b ) a a ) aa D |
[+ b-cD, - LI R a-bD, - LI E (T )
|_ (,8+3)L (ﬂ+1)J( ) (ﬂ+2)L (ﬂ+1)J( ) (ﬂ+l)( )J
a cD, o (a a ) aaD, aa’

D, =—- , Dy = L + +CD1J,D9:7:D10:—v
6 3 (ﬁ+3) (ﬁ+2) (ﬁ +1) (ﬁ+2)(2ﬁ+3)

ab (l 1 3 ba’ ca (l 1 ) ca’

D, = —+ D, = P T o P T T

(B+4)| 2 (B+2) (B+2)(28+4) (B+5)2 (B+2) (B+2)(28+5)
., (cb, a) , b , ¢ calpu?’? be 2paa

6

1
D, = aD ~bD ==t =t - -
e | 6 )" "8" T10” (B+2)(28+5) (B+2)(28 +4)

aa’ 2p+3 ca (1 1 h ab (1 1 B pea a
- u — w’ — ut
(B+2)(28+3) (ﬂ+5)t2 (ﬁ+2)J (,8+4)L2 (ﬂ+2)J (B +3)
(i+ a —ch\y””— abD, ﬂlﬂz_ aa D, /1”“
LZ (B+2) J (B+2) (B+1)

Total cost is the sum of quadratic holding cost, shortage cost, deterioration cost and lost sales cost during
[0,T]

TC,(t,)=HC +S_+LS+D,

[c b &) 5 a’ 1
| —t" + (7+ —th +(D7 - —Jt + 7(3— bD,)t’ —aD,t, + D,,t,*""" + Dt ™" + D, 1, - ——*"7 |
‘ 10 8 12 6 2 2+
e, - DI # : ...(58)
B+5 B4 p+3 p+2 B+l B
L—Dmt1 - Dt — D,t, + (bD, - B -1)t, + Dyt -D,at” +D,-D,+D,+ D, J

5.1.4. Solution:
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lc b & 5 1
‘;tl‘+[;+ ;th+{3o77;]t12+(37b01)t17aD1+ D, (28+5)t"""+ D, (28 +4)t”" 7+ |
| |
aTC N . . . .
- L D} D, (28 +3)t,>""% - 2+ﬂ(2ﬂ+2)t12’* oD, (B85 -D, (B+4)" D, (8 +3)t” 2+: ...(59)
1
}a(bDl—ﬁ—l)tlﬂ”+Dg(ﬁ +1)t” - Dapt,” :
L ]
[

2p+2

(b ()‘\ 2 ( ()‘\ 2p5+3
+3L7+7Jt +2L3D —f)tl+(3—bD1)+ D,(28+4)(2p+5)t, +D,(28+3)(28+4)t,
3 2

2

T‘
\
\
—+-D +Dw(2ﬁ+2)(2ﬁ+3)t1”*1-ﬂ2a—2(ﬁ +1) (28 + D)t =D, (B +4)(B+5)t,"7 =D, (B+3)(B+4)t""?]..(60)
* \
\
\
J

\
\
\
}—Dg(ﬁ+2)(ﬁ+3)tlﬂ”+a(ﬁ +1)(bD, - g -1t + DB (B + )" —Dap (-1t "
L

Main objective is to minimize the total relevant cost for the inventory model starting without shortages. The

oT
essential condition to minimize the total relevant cost is

L~ 0, we have
at,
c ., (b &Y 5 ( 5N, 2544
—t, +| —+— |t +] 3D, —— |t +(3—-bD,)t,—aD, + D 23 +5)t + D 28+ 4
o4 \2 SJl L ; le ( Db L+ Do ( )t 12 ( )
2
tlz/ﬂs + DlO(Z,B +3)t12ﬁ+2 - Za ﬂ (Zﬁ + 2)t12ﬂ+17 D13(ﬂ +5)t1/“4 - Dll(ﬁ + 4)t1/“37 Ds
+
(B+3)t " +a(bD, - g -1)t" "+ D, (B +1)t,” —D,apt” " =0 ..(61)

Using the software Mathematica, we can calculate the optimal value oft by Eq. (61) and the optimal
vaIueTC1' (t,) of the total relevant cost is determined by Eq. (58). The optimal value of t, satisfy the sufficient

condition for minimizing total relevant cost TC, (t, ) is

2

a’tc,
>0 ..(62)
ot

1

The sufficient condition is satisfied.
5.1.5. Numerical Example:

Let us consider

a=$%$1/unit,b =$0.5/unit,c =$1/unit, S, =$0.5/unit,D_=$5/unit,a =0.1,8 =2,T =1year,D =100,
6 =14 =0.5year

D,=0.36,D,=1.03,D,=0.14,D, = -0.25,D, = 0.112,D, = 0.3,D, = 0.046,D, = 0.022,D, = 0.012,

D, =0.0003,D,, =0.00625D,, = 0.00015,D,, =0.01,D, = 0.0003

Thus, the optimal value oft,ist,” — 0.035 < x . The optimum ordering quantity is 0Q " =39.05 . The
minimum relevant cost isTC,” = 33.9 .

5.2. Case (ii)t, > u

Therefore, the inventory I (t)is  described by the system of differential  equations

during[0, T |
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da, (t)
———=-Dts(t;,-t), 0<t<u, q(0)=0 ...(63)
dt
dg, (t)
o Pt wstst, q(u)=a(u) -(64)
dq., (t
A+0q(t):—Dy, t,<t<T, gq(T)=0 ..(65)
dt
From Eqg.(63), we have
e, ]
q,(t)=-Ds|—t,t" —— |, 0<t< u ...(66)
2" s
From Eq.(64), we have
[ 1 u’ 1, ]
qz(t)z—Dé',u ——tu+—+tt-—t" | u<t<t ...(67)
{ 2 6 2 J
FromEq.(65), we have
q (t)=e"“”Dy(D —t—it””\ t,<ts<T ...(68)
3 L 2 ﬂ+1 ! 1
Where,
D,=T PR YO
g +1

Total amount of deterioration during [t,, T |

T T ( ( \
70(15 at” a +
D, =e " Dufe” dt-Dufdt=Dy| (l—atlﬂ)LDz—tl——tlﬂ 1J—(T ~t,)|...(69)
t t 'B+1 )
Total holding cost during [t,, T ] is
T
HC = [(a+bt)q,(t)dt
t1
|— 2 b 3 B+3 B+2 B+l 28+2 2/3+3—|
=Du LFl —aD,t + Ft,” + ?1 + F,t, + F,t + F 7+ Ft, - F.t, ..(70)
Where,
- ba? . aa _ bD, 2oz, ba (17 1 pea aa
(B +1)(28 +3) 2(p +1) (B +2) (,B+3)L (ﬂ+1)J (B +2)
1 ) aaD, b ba

1 1
T"'*Z—7T"*1——T3+;(bD2—a)T2+aDQT,|=2 :;(a—sz),FS:

(B +1) 3 (B +3)

2

J
1 Voo e« (1 Y aaD, Fia( bD,  aa \Fi ba
ST Gl ey T T ey T L(ﬂu) z(ﬂ+1)2J’ " (B1)(28+3)

The shortage cost during[0, t, ] is
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" 4 r# #2 ,113 /14—|
S, =[q,(t)dt+ [q,(t)dt=D5| —t, t =t - — (71
{1() {2() L 3112J (71)
The lost sales cost during [0,t, ] is
H 4 1
LS = [Dt(1-5(t,~t))dt+ Duf(1-5(t, ~t))dt=-—uD (F, ~Ft, +35t]) ..(72)
6
0 H
Where,

F, = ,u(3+5,u),Flo :3(2+c§',u)
Ordering quantity during[0, T ] is

“ . )
0Q :IDI(1—5(tl—t))dt+ D#J5(tl_t)dt+eiatlﬂD/jJ‘eatﬁdt

0 u t,

1

[’ a 1 3 5 1 1
0Q =Dy t125+1+7ﬁt/]+1—Dzatl/}+*5t12—(*y5+1\t1+*6,u2+*y+DZ ..(73)
L +1 p+1 2 LZ J 6 2 J

Total cost is the sum of deterioration cost, holding cost, shortage cost and lost sales cost during [0,T |

TC,(t,)=HC +S_+LS+D,

[1 1 1 ( B
\—(b+5)t13+—(2F2—5—§y)t12+—(F10+25y2—6aD2)t1—Dzat1ﬂ+LF5+ J'
, 3 2 6
TC, = Dul | (74)
| a’ 5/13 1 N
R R X R T = —F 4+ D, +F T |
| p+1 12 6 |
5.2.1. Solution
|— 2 1 2 p-1 —|
| (b+ )t +(2F, =6 —ou)t,+ —(F, +26u" -6aD,)-D,aft’ "+ |
6
| |
aTC, ( B ) ’
2 = D,uI F, + (Bt + F (B +2)t) 4 F (B +3)t) "+ ——(25 + 1)t ”I .(75)
ot |L J ,B+1 |
|L+F(2ﬁ+2)6 t7 o F, (28 +3)1 J|
|F2(b+5)tl+2F2—5—5y—Dzaﬁ(ﬁ—1)tf’2+,/3(F5(ﬂ+1)+aﬂ)tf’11|
a'TC, | 202 (2p +1 |
L =Du|+F, (B+1)(B+2)t) + Fg(ﬁ+2)(ﬂ+3)t1ﬂ+1+—( )tl“"1+ | ...(76)
atl | ﬂ+1 |
|LF6(2,B +1) (28 + 2)42 —2F, (B +1)(28 +3)," J

Main objective is to minimize the total relevant cost for the inventory model starting without shortages. The

essential condition to minimize the total relevant cost is 2. -0, we have

ot

1
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1 ( 3\
(b+5)t12+(2F2—5—5u)t1+—(Fw+2&‘;12—6aD2)—Dza/}tlﬂ’1+LF5+ xp J(,B+l)tlﬁ+
6 B+ 1

2

123 1

F,(B+2)t"" "+ F, (B +3)t"" % +

2+ v F(2p+2) T —F (28 +3)t,""" =0  ..(77)

£ +1

Using the software Mathematica, we can calculate the optimal value oft by Eq. (77) and the optimal

vaIueTC1' (t,) of the total relevant cost is determined by Eq. (74). The optimal value of t, satisfy the sufficient

condition for minimizing total relevant cost TC, (t, ) is

a’te,
at”

>0 -(78)

The sufficient condition is satisfied.

101 (0.76,13.92)

t t t t t t t t
-4 -3 -2 -1 1 2 3 4

Fig.4. Graphical representation of TC 2' and t .
5.2.2. Numerical Example:

Let us consider

a=3$1/unit,b =$0.5/unit,S_ =$0.5/unit,D_, =$5/unit,a =0.1, 8 =2,T =1year,D =100,5 =1,
u = 0.5year

D,=1.03,F, =0.597,F, =0.24,F, = -0.0067,F, = -0.017, F, = 0.034,F, =0.012,F, = 0.00023,
F,=1.75F, =75

Thus, the optimal value oft, ist” — 0.76 > x . The optimum ordering quantity iSOQ " =20.9. The

minimum relevant cost isTC,” =13.92 .

5.2.3. SensitivityAnalysis:
To know, how the optimal solution is affected by the values ofconstraints, we derive the sensitivity analysis for
some constraints. The specific values of some constraintsare increased or decreased

by +25% ,-25% and +50% ,-50% .Thus,we computethe values oft,” and T C," with the help of increased or

decreased values of s_and D .The result of minimum relevant cost is existing in the following table 3.

Table: 3
Parameters Actual +50% -50% +25% -25%
Values Increased Decreased Increased Decreased
S 0.5 0.75 0.25 0.625 0.375
[
D 5 7.5 25 6.25 3.75
4
tl* 0.76 0.69 0.84 0.72 0.79
Tcl* 13.92 19.71 7.5 16.88 10.82
0Q’ 20.9 24.6 16.97 22.98 19.37
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From the result of above table, we observe that total relevant cost and ordering quantity is much affected by
deterioration cost and shortage cost, and other parameters are less sensitive.

5.2.4. When Holding Cost is a Quadratic Function:
We have

;
HC = [(a+bt+ct’)g, (t)dt

't

aa D, tﬂ+l—|

2 3 C 4 B+4 B+3 B+2
| F,—aD,t + Ft;" + Ft,” + —t + F,t, + F.t, + F.t, +

=Du| 4 (B+1) " I .(79)
L+F7t12ﬂ+2 _ F8t12p+4 _ F9t12ﬂ+3 J
Where,
2 2 ( \ ( \
F, = ca 2t b A ar ____bb, AL P ! T/ +aD,T
(B+1)(28+4) (B+1)(28+3) 2(p+1) (B+2) (ﬁ+4)L (ﬁ+1)J
a ) a ) a
b2 (17027 L e 2 1oL gy 290 oo ETA+f(cD27b)T3+—(bD27a)T2
(/3’+3)L (ﬁ+l)J (ﬂ+2)L (ﬁ+l)J (B +1) 4 3 2
1 1 ca [ 1 ) a b )
F,=—(a-bD,),F,=—(b-cD,),F, = -1],F, = cD,-b+ ,
2 3 (B+4) (B+1) (B+3) (B +1)
E o ae [ 1 ) ( bD, aa ) ca’ B ba’

-1|,F, =« ~|.F, = ,
(ﬂ+2)L(ﬂ+l) J L(ﬁ+2) 2(5 +1) J (B +1)(28+4) (B+1)(28+3)
Total cost is the sum of quadratic holding cost, shortage cost, deterioration cost and lost sales cost during
[0.7]

TC,(t,)=HC +S,+LS+D,

[c ( 5) 1 1 a ol

| =t | F+— t13+—(2F2—5—5,4)t12+—(F10+25y2—6a02)t1—Dzatlf’+ (B+aD,)t" "

4 L 3J 2 6 B +1 |
T b : ou’ F - (%0)

|+Ft 2+ Ft 1 F " t e R Rt Rt . 2D+ F, -T |

671 571 471 1 771 971 871 2 1

L B +1 12 6 |

5.2.5. Solution:
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2 _ Du(F(B+1)(B+2)t) +F (B+2)(B+3)t " +F (B+3)(B+4)t "+

I— 3 2 1 2 p-1 —|
ct” + + + -0 —-0u + — +26u" —6a -D,a
lct”+ (3F, + &)t +(2F, -6 —ou)t, (F10 25 6 Dz) D,apft, |
6
oTC, I 8 B+l p+2 B3 I
=D;1|+oz(ﬁ+aD2)t1 +F (B+2)t,"  +F (B+3)t) "+ F, (B+4)t | ..(81)
at,
| a?(2p+1 |
|L+(ﬂ . )tl“’+|:7(2/;+2)t1””F9(2ﬁ+3)t1”*2F8(2/3+4)t12’“3J|
+

;—3ct12+2(3F3+6)t1+(2F2—676,u)—Dzaﬁ(ﬁ—1)t1ﬂ’2+aﬁ(ﬁ+aDz)t1ﬂ’1+ Tl
o’1C \ a’2p(2p +1) |

‘ ———]..(82)

\ |

p+1
(LR (28 1) (28 2 ) (28 £ 2) (28 + 34T F (25 43) (28 + 4)10 T |
Main objective is to minimize the total relevant cost for the inventory model starting without shortages. The

2

essential condition to minimize the total relevant cost is = 0, we have

ot

1

3 2 1 2 B-1 B
ct, +(3F,+ &)t +(2F, -6 - ou)t,+ —(F,, +26u" -6aD,)-D,aft” +a(f +aD,)t,
6

2
a (20 +1
+F (B+2)t F (B3 F (B + 4)tl”*3+—( )tfﬂ +F, (28 +2)t
g +1

~F, (28 +3) - F (28 +4)t" =0 ...(83)

Using the software Mathematica, we can calculate the optimal value oft by Eq. (83) and the optimal
vaIueTC1' (t,) of the total relevant cost is determined by Eq. (80). The optimal value of t, satisfy the sufficient
condition for minimizing total relevant cost TC, (t,) is

a’tc,

2

ot

1

>0 ..(84)

The sufficient condition is satisfied.

Fig.5. Graphical representation of TC, and t, .
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5.2.6. Numerical Example:

Let us consider

a=3%$1/unit,b =$0.5/unit,S_=$0.5/unit,D, =$5/unit,a =0.1,4 =2, T =1lyear,D =100,

0 =1, u=0.5year

D,=1.03,F, =0.682,F, =0.24,F, = -0.176,F, = -0.011,F, = 0.014, F, = -0.016, F, = 0.012,
F, = 0.0004,F, = 0.00024,F =75

Thus, the optimal value oft, ist,” — 0.8 > x . The optimum ordering quantity is O Q " =20.9 . The minimum
relevant costisTC,” = 22.15 .

5.2.7. SensitivityAnalysis:

To know, how the optimal solution is affected by the values of constraints, we derive the sensitivity analysis for
some constraints. The specific values of some constraints areincreased or  decreased

by +25% ,-25% and +50% ,-50% .Thus,we compute the values oft,” and T C,” with the help of increased or

decreased values of S_and D . The result of the minimum relevant cost is existing in the following table 4.

Table: 4

Parameters Actual +50% -50% +25% -25%
Values Increased | Decreased | Increased | Decreased

S 0.5 0.75 0.25 0.625 0.375

D 5 7.5 25 6.25 3.75

tl* 0.8 0.74 0.88 0.77 0.84
Tcl* 22.15 31.99 12.13 27.48 17.004

0Q" 20.9 24.6 16.97 22.98 19.37

From the result of above table, we observe that total relevant cost and ordering quantity is much affected by
deterioration cost and shortage cost, and other parameters are less sensitive.

VI. Conclusion

We presented an order level inventory model for deteriorating items with two parameters Weibull
deterioration. The model developed under two replenishment policies: (i) With no shortages and (ii) With
shortages which are partially backlogged. We considered ramp-type demand rate and time varying linear and
quadratic holding costs, and found that total relevant cost with linear holding cost is less than total relevant cost
with quadratic holding cost. Therefore, the linear time-dependent holding cost is more realistic than quadratic
time-dependent holding cost. The proposed model can be extended in numerous ways like permissible delay in
payments, time value of money,quantity discounts etc.

Acknowledgement:We are very thankful to the referees for their convenient suggestions.
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