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( ABSTRACT: \

Consideration was given to the problem of optimal control of parabolic equations. The existence solution of the
considering optimal control parabolic problem is proved. The gradient of the cost functional by the adjoint problem
approach is obtained. Lipschitz continuity of the gradient is derived.

Keywords: Optimal control problem, parabolic Equations, Existence solution, Fréchet gradient, Adjoint problem,
Lipschitz continuity.

o

v

I.  INTRODUCTION AND STATEMENT OF THE PROBLEM

The optimal control problems governed by partial differential equations have developed very fast in the
last 30 years, and it has brought a promising and vital researching domain to the subject of mathematics. The
optimal control problems governed by partial differential equations concern many applications in physics,
chemistry, biology, etc., such as materials design, crystal growth, temperature control, petroleum exploitation,
and so on. The relative details can be seen in [1-4], and so on. The partial differential equations involved in
these problems include elliptic equations, parabolic equations and hyperbolic equations [5-7]. The reference [1]
considered the problem of optimization of the optimal control parabolic problem with control in boundary and
right hand side of the equation. In the present paper, the control action in the initial and boundary conditions of
the considering optimal control parabolic problem.

Let the considered process be described in Q. = {(x,t):xe (0,1) , 0 <t<T } by the following problem:

T 1

u =AM u,) +v, (x,t), (x,t)e Q
u(x,0)=v,(x), x e (0,1), (1)
u, (0,t)=0,-2 (Hu (It)=k [u(l,t)-v,(t)] te (O,T].

where u (x,t) is the solution of the system (1), the constant k > 0 is called the convection coefficient or heat
transfer coefficient , A(x)>0,2(x)e L_[0,1] and V =V, xV, xV, is the set of admissible controls
where V ={v=(v_ (x,t),v,(x),v,(t)):v_ (x,t)e L,(Q;) v,(x)e L,(0,1)v,(t)e L,(0,T)}
)x L, [0,1]xL,[0,T].

is a closed and convex subsetinV c L, (Q

The problem of optimal control lies in determining admissible controls v e V minimizing together with the
corresponding generalized solution of problem (1) the functional

)= p [ u0aT)= 200l dx + e [ v, (1) - w (O ot @
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In (2), z(x) and w(t) are given functions, respectively, from L, [0,1] and L,[0,T], T is a fixed
timeand S ,a are given positive numbers.

Il.  EXISTENCE SOLUTION OF THE OPTIMAL CONTROL PROBLEM

In this section, we give the definition of the weak solution of the problem (1) and the existence solution
of the optimal control problem (1)-(2).

The weak solution of the problem (1) will be defined as the function ue L,(Q ), which satisfies the
following integral identity:

J'Olu (X, T) ¢ (x,T)dx — J‘Olvl(x) ¢ (x,0)dx — J'J' [u(x,t) ¢ (x,t)= A(x) ¢ (x,t)u, (x,t)]dxdt

Q;

- kIOT fu(l,t)-v,(t)]¢ (1 t)dt = ” Vo (x,t) S (x,t)dxdt , ¥ £(x,t)e LZ(QT)l (3)

Evidently, under the above conditions with respect to the given data, the weak solution ue L,(Q ) of
the direct problem (1) exists and unique [8,9].

We define a solution of the optimal control problem (1)—(2), according to [10], as a solution of the
minimization problem for the cost functional f_(v), given by (2):

f,(v.)=inf f.(\) (4)

veV

Evidently, if f_(v,) = 0, then the solution v, € V is also a strict solution of the optimal control

problem (1)—(2), since v, € V satisfies the functional equation u(x,t;v)| = z(x), x e (0,1). Further, in

t=T
the view of the weak solution theory for parabolic problems, one can prove that if the sequence {V(n)}c \%

weakly converges to the functionv e V , then the sequence of traces {u (x,T v (™ )} of corresponding solutions
of problem (1) converges in L, (Q,) - norm to the solution {u(x, T; v)}, which means f_ (v("))—> f (v),
as n—oo. This means the functional f_(v) is weakly continuous on V, hence due to the Weierstrass existence

theorem [11] the set of solutions V, = {veV : f_(v,)=(f, ), =inf f_(v)} of the minimization problem
(2) is not an empty set.

I1l.  FRECHET DIFFERENTIABILITY OF THE COST FUNCTIONAL AND ITS GRADIENT

The principal result in this section is Theorem 3.1. Its proof will be prepared by two lemmas.
Let us consider the first variation

Af (v)=f (v+Av)-f (v) =28 j‘ [u(x,T;v)=z(x)] Au(x,T;v) dx +ﬂL: [Au(x,T;v)] dx

v [av, (O dt + 26 [ [v,(0) - w(t)] Av, (1) a (5)
of the cost functional (2), where

V+ AV = {v (x,t)+ Av (x, 1), v (x)+ Av (x),v,(t) + Av,(t)} e V

Au(x,t;v)=u(x,t,v+Av)-u(x,t,v)e L,(Q,).
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Evidently the function Au = Au(x,t;v) is the solution of the following parabolic problem

AU, = (A(x) Au,), + Av, (x,t) L (xt)eQ,
AU(x.0) = Av,(x) xe (o) ©)
AU, 0)=0 = a()au, (1) = k[au()-Av, (0] , te(0T]

Lemma 3.1.

Letv = {v,(x,t),v,(x), v, (t)},v+av={v,(x,t)+Av, (x,t),v,(x)+ Av,(x),v,(t)+ Av,(t)}eV be given
elements. If u =u(x,t;v)e L,(Q.) is the corresponding solution of the direct problem (1) and

v (x,t;v)e L,(Q, ) is the solution of the adjoint parabolic problem

v, =-(2(x)w,), C (xt)eq,
w (x,T)=28[u(x,T;v)- z(x)] , xe(0,1) @)
0t)=0 , -2y (Lt)=ky(,t), te(0T]

then for all v € V the following integral identity holds:
|

2 [)’LI [u(x,T;v)=z(x)] Au(x,T;v) dx = JO w (x,0;v) Av,(x) dx
+J'J' (x,t;v) Av, (x,t) dx dt+kJ' w(Lt;v) Av, (t) dt |, YveV (8)

Proof: Let us use the final condition at t = T in (7) to transform the left-hand side of (8) as follows:

2p J'I [u(x,T;v)= z(x)] Au(x,T;v) dx
f (x,T;v) Au(x,T;v) dx

J'J' (x,t;v) Au (x,t;v)] dx dt

Qq

= [[ [y (x.tiv) au(x, tiv) + v (x. tiv) Au (x,t;v) Jax dt

Q.

= J'J' [- ( (x,t;v)) Au(x, t;v) + v (x,t;v) (A(x) Au (x,t;v)) ] dx dt

+ J'J' vo(x,t) w(x,t;v) dx dt

x=1

= JOT [- 2(x) v, (x,t;v) Au(x,t;v)+w (x,t;v) A(x)Au (x,t;v) ]~ dt

+ “’ v (x, )y (x,t;v)dx dt .

QT
Taking into account the boundary conditions in (7) and (8) for the functions w(x,#; v) and Au(x, t;Vv) ; we obtain

).

www.ijceronline.com Open Access Journal Page 16



On An Optimal Control Problem For Parabolic Equations

We will define the parabolic problem (7) as an adjoint problem, corresponding to the inverse problem (1)—(2).
The parabolic equation (7) is a backward one, and due to the “final condition” at t = T it is a well-posed initial
boundary-value problem under a reversal of time.

Now we use the integral identity (8) on the right-hand side of formula (5) for the first variation of the cost
functional f_ (v). Then we have

Af (v) = J'J' A v, (x, )y (x,t;v)dx dt +k J'OTz//(I,t;v)sz(t)dt + J'OI v (x,0;v) Av,(x) dx

Qp

+ ZO’LT [v,(t) - w(t)]av,(t)dt + afoT [Av,(t)] dt +p IOI [Au(x,T;v)] dx o)

Taking into account the above definition of the scalar product in V and the definition of the Fréchet-
differential we need to transform the right-hand side of (9) into the following form:

Af (v) =<f0{'(v),Av>V + aJ'OT [Av, (t)]" dt +ﬂ'-|'0I [Au(x,T;v)]" dx (10)

This formula provides further insight into the gradient of the functional f_ (v) via the solution of the adjoint
parabolic problem (7). Due to the definition of the Fréchet-differential, we need to show that the last two terms

on the right-hand side of (10) are of order O (||v||vp ) withp > 1.

The following result precisely shows an estimate for the last two terms in (1) in order O (”v”j )
Lemma 3.2.

Let Au = Au(x,t;v) € L,(Q, ) be the solution of the parabolic problem (6) corresponding to a given
v € V. Then the following estimate holds:

! c
'[ [Au(x,T;v)] dx §—°||Av , VAveV (12)
0 £

2
)
%

I 2 ! 2 T 2
where ”Av”v = “’[ |Avo(x,t)| dx dt + IO |Av1(x)| dx + IO |Av2(t)| dtJ
QT

isthe norm L, (Q ;) — norm of the function Av e V , and the constantsc,, , & >0 are defined as follows:

: 2k ]
c,=mx {1k} , A =mn A(x)>0 , &=min {—, { (12)
0sx<! L4, k+ 21

Proof.
Multiplying both sides of the parabolic equation (10) by Au , integrating on Q .,
1
AuAu, = —[Auz]t ,(A(x)Au,) Au=(2(x)Au, Au) - A(x) (Au,)* and using the initial and boundary
2

conditions we obtain:

0= [[ Au [Au, = (A(x) Au,), - Av (x,t)]dx dt

Qq
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! 2 + x)Au_ Au) dx dt + u,) dxdt + X
_;” [au?] dt dx [ (2(x)au, au) dx dt+[] 2(x)(au, ) ax dt ” (x,t) dx dt

Qq Qq

= %J‘OI [Au(x,T;v)]de + kJOT [Au(l,t;v)]zdt -kJ'OTAu(I,t;v)sz(t)dt

+ J'J'ﬂ(x)(AuX(x,t;V))zdx dt —” v, (x,t)Au(x,t;v)dx dt —%J‘ol [Avl(x)]zdx

Q. Q.

This implies the following energy identity

—J' [Au(x,T;v)] dx + kI [Au(l,t;v)] dt +J‘I )(Au,) dx dt
= vk dt + k[ Au(ltv)Av +£va2x
= H v, (x,t)Au(x,t;v)dx dt kjo Au(l,t;v)Av, (t)dt zjo [Av,(x)] d (13)

Q;

for the solution Au = Au(x,t;v) of the parabolic problem (13). We use the e-inequality

2 2
a p < £e + s Va,B eR, Ve >0 ,ontheright-hand side integrals of this identity. Then we have

2 2¢

J'J' (x,t)Aau(x,t;v)dx dt + kJ' Au(l,t;v)Av,(t)dt +§j0| [Avl(x)]zdx

& 2 1 2 ke T v 2
;J‘J‘ [Au(x,t;v)] dxdt +Z'U [Av,(x,t)] dxdt +7J‘0 [Au(l,t;v)] dt

+ LJ‘T[sz(t)]zdt +1J‘I[Av1(x)]zdx , Ve>0 (14)
2¢ 70 270

Further, we estimate the term [Au(x, t)] by applying the Cauchy inequality,

[Au(x,t)] LIAU (. t:v)deE — au(l,t; v)}

2

Z(I:Aué(é,t;v)dgj +2(au(l,t;v))?

IA

IA

2I'|'OI[AuX(x,t;v)]2 dx + 2(Au(l,t;v))

Now integrate the both sides of this inequality on Q

I} [Au(x,t;v)]dxdt < 2I2ﬂ [Au (x,t;v)]  dxdt + ZII;[AU(I,t;v)]Zdt (15)

Q; Q;

and use this estimate on the right-hand side of (14):
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J'J' (x,t)Au(x,t;v)dx dt + kJ' Au(l,t;v)Av,(t)dt +§jol [Avl(x)]zdx

z 'VZX +€+k—gTU 'V2+i VX2X
<el ”[Aux(x,t, )] dxdt + (e Z)L [Au(l,t;v)] dt 5 i{[A o (x, t)] dxdt

Qr

LS T[sz(t)]zdt +§j0|[AV1(X)]2dX

2g °°

This inequality with (14) implies

(2, - g|2)”‘ [Au, (x,t;v)] dxdt + (k — &1 - k78)]'(: [Au(l,t;v)] dt +§J‘UI [Au(x,T;v)] dx

Qq

< v cfoa + v, OF 0+ 2] T, (0] o (16)
ZEQT 28 °° 2 Jo

k
Requiring the positivity of the terms k - ¢l - Z£ and A, — ¢1” we get bound (12) for the parameter & >0.
2

With this parameter ¢ >0, from estimate (16) finally we obtain:

%J‘OI[AU(X,T;V)]ZdX < 21—8” [AVo(th)]dedt + i_[; [AVz(t)]zdt +§J-0I[AV1(X)]ZdX

Q.

The required estimate (13) follows from this inequality by choosing the constantc, > 0 as in (16), which
completes the proof.

The lemmas 3.1, 3.2 imply that the last integral in (10) is bounded by the term O (”Av”j ) Thus by the
definition of Fréchet-differential at v eV

T |
At (v) = <fa'(v),Av> + af [Av, (t)] dt +,B'[ [Au(x,T;v)] dx ,
\ 0 0
We obtain the following theorem:-
Theorem 3.1.

Let conditions in the considered problem hold. Then the cost functional is Fréchet-differentiable, f_ (v)e€
C' (V). Moreover, Fréchet derivative at v e V of the cost functional f_(v)can be defined by the solution

w eW,"°(Q )of the adjoint problem (7) as follows:
f/(v)={w(x,t;v), w (x,0;v); k w (1,t;v)} 17)
V. LIPSCHITZ CONTINUITY OF THE GRADIENT

Any gradient method for the minimization problem (4) requires an estimation of the iteration parameter «
> 0 in the iteration process
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V(nﬂ) = V(n) - an fg: (V(n)) > n:0,1,2.... (18)

where v eV isa given initial iteration. Choice of the parameter «, defines various gradient methods [12],
although in many situation estimations of this parameter is a difficult problem. However, in the case of Lipschitz
continuity of the gradient f'(v) the parameter o can be estimated via the Lipschitz constant as follows:

0<6,<a,<2/(L+25,) (19)
where 60, 81 > 0 are arbitrary parameters.
Lemma 4.1.
Let conditions of Theorem 3.1 hold. Then the functional f_(v) is of Holder class ¢** (v ) and
||fa'(v+Av)— o), < L”Av”V, (20)
where

[ av)= 0 = [ (ap (xtiv) ot + kz_[OT (Ap (1,t:v)) et

+ (|_+I_+£) J'l(Ay/(x,O;v))zdx (21)
A, ko2 70

and the Lipschitz constant L > 0 is defined via the parameters c  , € >0 in (16) as follows:
Boe, (17 1 «k
L=4 —+—+—|>0 (22)
€ A, k2

The function Ay (x,t;v)=w (x,t;v + Av)—w (x,t;v) e W ""(Q, ) is the solution of the following
backward parabolic problem:

Proof.

(A, = (- 2(x)ay,), L (xt)eQ,
{ Ay (xT)=2p8 Au(x,T;v) , xe (0,1)
(23)
Ay (0,t)=0 . —A)Aay (Lt)=k Ay (l,t) , te(0,T]
\

Multiplying both sides of Eq. (23) by Ay (x,t;v), integrating on Q. and using the initial and boundary
conditions, as in the proof of Lemma 3.2, we can obtain the following energy identity:

] l(x)[Az//X(x,t;v)]zdxdt + kjoT [Aw (1,t;v)] dt +§J‘OI [Aw (x,0;v)] dx
=2,b’j0I [Au(x,T;v)]zdx (24)

This identity implies the following two inequalities:

/1” [Ay/X(X,t;V)]de dt + %J‘OI [Ay (x,0;v)]dx < 2,6"[(: [au(x,T;v)] dx

Q

J'OT [Ay (1,t;v)]dt + %LI [Ay (x,0;v)] dx < ZﬂI; [Au(x,T;v)] dx

www.ijceronline.com Open Access Journal Page 20



On An Optimal Control Problem For Parabolic Equations

217 21
Multiplying the first and the second inequality by ——and — , correspondingly, summing up them,
k

*

and then using the inequality (15) we obtain;

*

] [An//(x,t;v)]zdxdt + (L_+II<_) -[OI [Ay (x,0;v)]dx < 4,B[L—+|I(—] LI [Au(x,T;v)] dx .

Q. *

Let us estimate now the second integral on the right-hand side of (21) by the same term. From the energy
identity (24) we can also conclude

szOT [Aw (1,t;v)] dt +5J’0I [Ay (x,0;v)]dx < 28k J'OI [Au(x,T;v)] dx

This, with the above estimate, implies

[T (et o [y Gnfa s e 2 [Taw (0wl o
s4/3[|_+|_+gj J'OI[Au(x,T;v)]zdx

A k

*

Using this in (21) and taking into account Lemma 3.2 we obtain (20) with the Lipschitz constant (22).

V. CONCLUSION

Consideration was given to the problem of optimal control of parabolic equations. The existence

solution of the considering optimal control parabolic problem is proved. The gradient of the cost functional by
the adjoint problem approach is obtained. Lipschitz continuity of the gradient is derived.
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