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ABSTRACT

Graph Theory is the fast growing area of research in Mathematics. The concepts of Number
Theory, particularly, the “Theory of Congruence” in Graph Theory, introduced by Nathanson[7],
paved the way for the emergence of a new class of graphs, namely, “Arithmetic Graphs”. Cayley
graphs are another class of graphs associated with the elements of a group. If this group is associated
with some arithmetic function then the Cayley graph becomes an Arithmetic graph. The Cayley graph
associated with Euler Totient function is called an Euler Totient Cayley graph and in this paper we
study the independent Functions of Euler Totient Cayley graphs. This paper is devoted to the study of
independent functions of Euler Totient Cayley Graph in two cases when n is prime and when n is non-
prime.
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I. INTRODUCTION
The concept of the domination number of a graph was first introduced by Berge [3] in his book on
graph theory. Ore [8] published a book on graph theory, in which the words ‘dominating set” and ‘domination
number’ were introduced. Allan and Laskar [1], Cockayne and Hedetniemi [4], Arumugam [2], Sampath kumar
[9] and others have contributed significantly to the theory of dominating sets and domination numbers. An
introduction and an extensive overview on domination in graphs and related topics are given by Haynes et al.

[5].

II. EULER TOTIENT CAYLEY GRAPH AND ITS PROPERTIES
Definition 2.1: The Euler totient Cayley graph is defined as the graph whose vertex set V is given by

z ={0,1,2,.., n-1} and the edge setis E = {(x, y) / x —y € Sory — x € S} and is denoted by
G(Z,,p). where S denote the set of all positive integers less than n and relatively prime to n. That is

S={r/1=r<n and 6CDGrm) =1}, |S |= o (n).
Now we present some of the properties of Euler totient Cayley graphs studied by Madhavi [6].

: ne (n)
1. Thegraph G(Z ,¢) is ¢ (n) — regular and has ——— edges.
2

2. Thegraph G(Z ,¢) isHamiltonian and hence it is connected.
3. Thegraph G(Z ,¢) isEulerianforn>3.

4. Thegraph G(Z  ,¢) is bipartite if n is even.

5. Thegraph G(Z  ,¢) iscomplete if nisa prime.

I11. INDEPENDENT SETS AND INDEPENDENT FUNCTIONS
Definition 3.1: Let G(V, E) be a graph. A subset | of V is called an independent set (IS) of G if no two
vertices of | are adjacent in G.
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Definition 3.2: Let G(V, E) be a graph. A function f :v — [0,1] is called an independent function (IF),
if for every vertex v eV with f (v) > 0, we have S f(u)=1.

ueN[v]

RESULTS
Theorem 3.3: LetIbeanISof G(Z ,¢). Letafunction f :v — [0,1] be defined by
(1, if vel,
f(v) = _
L 0, otherwise

Then f becomesanlFof G(Z ,¢).

Proof: Consider G (Z ,¢). LetlbeanlISof G(Z ,¢).

Let f be afunction defined as in the hypothesis.

Case 1: Suppose n is a prime. Then G(Z ,¢) is a complete graph. So every single vertex forms an IS of
G (Z,,9) and every neighbourhood N[v ] of ve v consists of n vertices.

Then Zf(u)=1+(L+0+ ....... +0=1, YveV.

U
ueN[v] (n-1)—times

Hence f isanlIFof G(Z ,¢).
Case 2: Suppose n is not a prime. Then G (Z,¢) is |s |- regular graph. Let |s | =r.
Let | be an independent setof G (Z ). Then |1 | >1.

If ve I then f(v) > 0 andsince v contains no other vertex of | in its neighbourhood we have

Z f(uy=1+0+0+...

ueN[v] (r-1)—times

Thus f isanIFof G(Z ,¢).

vee. .+ 0 =1.

Therefore f isanIFof G(Z ,¢) foranyn.
Remark 3.4: Let f :v — [0,1] be defined by

[k, if vel,
f(v) =4 .
LO, otherwise

where 0 <k < 1.
Then f cannotbean IF of G(Z ,¢).

This is because for v e 1, > f(u) = k <1.

ue N[v]

Sofor f(v) >0, ) f(u)=k <1 whichimpliesthat f cannotbe an IF.

ueN[v]

llustration 3.5: Consider G (Z,,,¢). The graph is given below.

Figure 1: G(Z41,9)
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Let | ={0} bethelISof G(Z,,¢).

(1, if v=20
Then f(v) = !
L0, if v=1,23,.., 10.

= > f(u) =1 VveV with f(v) > 0.

ueN[v]
Thus f isanIFof G(Z,,,9).
Hlustration 3.6: Consider G (Z,,¢). The graph is given below.

Figure 2: G(Zg,9)

The graph is | s | =4 — regular.

Let | ={0,4}beanISof G(Z,,¢).
Then the summation values taken over every neighbourhood N[v ] of v e v is given below.

v 0 1 2 3 4 5 6 7

f(v): 1 0 0 0 1 0 0 0

2, f): 1 2 0 2 1 2 0 2
ueN[v]

= > f(u) =1V veV with f(v) > 0.

ueN[v]
Hence f isanIFof G(Z,,¢).
Theorem 3.7: Let f : vV — [0,1] be afunction defined by

1
f(v) = , VveV.
r+1

wherer > 0 denotes the degree of v e v. Then f becomesan IFof G(Z ,¢).

Proof: Consider G (Z ,¢).

Let f(v) = , Vv eV, where r > 0 denotes the degree of the vertex v e v .
r+1

Case 1: Suppose n is a prime. Then every neighbourhood N[v ] of v e v consists of n vertices. Then r =n —
1.
Now

1 1 r+1

z f(u) = + + e .+ = =1.

ueN[v] re1_r+1 ___ r+1 r+l

(n—times )

= Zf(u):l, vveV with f(v)>0.

ueN[v]

Thus f isanlFof G(Z ,¢).

Case 2: Suppose n is not a prime. Then G (Z ,¢) is | S |f regular graph and | S | =r.
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Now

3 f(u) = !

ueN[v]

(‘ S ‘+1—times )

= > f(u)=1 VveVwith f(v)>0.

ueN[v]

Therefore f isanIFof G(Z ,¢) foreveryn.

Hlustration 3.8: Consider G (Z,,¢). The graph is shown below.

3
Figure 3: G(Z7,9)
Every neighbourhood N[v ] of v e V consists of 6 vertices.

Thenr +1=6+1=7.
Now define a function f :v — [0,1] by

1
f(v) = —, VveV.
7

1 1
Then z f(u)=—+ —+ e .. +
7 7 7 7

[ —

ueN[v]

7 —times

= > f(u)=1vveVwith f(v)>0.

ueN[v]
Thus f isanIFof G(Z,,¢).
Hlustration 3.9: Consider G (Z,,, ). The graph is shown below.

R ———

‘S‘+l—times
= > f(u)=1 vveVwith f(v)>0.
ueN[v]

Thus f isanIFof G(Z,9).
Theorem 3.10: Let f : v — [0,1] be a function defined by
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(r, if v=v, eV,
f(V):Jl—r, ifV=Vj€V,Vi¢vj,
{0. otherwise

where0< r <1.
Then f becomesan IF of G(Z ,¢), whennisa prime.

Proof: Consider G (Z ,¢), when n is a prime. Since it is a complete graph, every neighbourhood N[v ] of
v e V consists of n vertices.

Then
> f(u)=r+@0-r+0+0+.... +0=r+(1-r)=1.
ueN[v] (n—2)—times

= > f(u)=1 VveV with f(v)>0.

ueN[v]

Thus f isanIFof G(Z ,¢).
Theorem 3.11: Afunction f :v — [0,1] isanlFof G(Z ,p) ifandonlyif P, < B .
Proof: Consider G (Z _,¢).

Suppose f :vV — [0,1] isanlFof G(Z ,¢).

( ]
The boundary set B, = {u eV/ > f(u) =14
ueN[v] J

Positive set P, = {u eV /f(u) > 0}.

Letve P,. Then f(v) > 0.

Since f isanlF, forall f(v) >0, > f(u)=1.
ueN[v]

= veB,.
Therefore P, < B,.

Conversely, suppose v e P . Thenv e B, since P, < B .

‘o
Then > f(u)=1, for f(v)>0.
ueNI[v]

= f isanlFof G(Z ,¢).

REFERENCES
[1]. Allan, R. B., Laskar, R. C. — On domination and independent domination numbers of a graph, Discrete Math, 23 (1978), 73-76.
[2]. Arumugam, S. — Uniform Domination in graphs, National Seminar on graph theory and its Applications, January (1983).

[3]. Berge, C. — The Theory of Graphs and its Applications, Methuen, London (1962).

[4]. Cockayne, E. J., Hedetniemi, S. T. — Towards a theory of domination in graphs, Networks, 7 (1977), 247 — 261.

[5]- Haynes, T. W., Hedetniemi, S. T., Slater, P. J — Fundamentals of domination in graphs, Marcel Dekker, Inc., New York (1998).

[6]. Madhavi, L. — Studies on domination parameters and enumeration of cycles in some Arithmetic Graphs, Ph.D.Thesis,submitted to
S.V.University, Tirupati, India, (2002).

[7]. Nathanson, Melvyn, B. — Connected components of arithmetic graphs, Monat. fur. Math, 29 (1980), 219 — 220.

[8]. Ore, O. — Theory of Graphs, Amer. Math. Soc. Colloqg. Publ. vol. 38. Amer. Math. Soc., Providence, RI, (1962).

[9]. Sampath Kumar, E. — On some new domination parameters of a graph. A survey. Proceedings of a Symposium on Graph Theory and
Combinatorics, Kochi, Kerala, India, 17 — 19 May (1991), 7 — 13.

www.ijceronline.com Open Access Journal Page 38



