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In this paper we give an extension of the famous Enestrom-Kakeya Theorem, which
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l. INTRODUCTION AND STATEMENT OF RESULTS
A famous result giving a bound for all the zeros of a polynomial with real positive monotonically
decreasing coefficients is the following result known as Enestrom-Kakeya theorem [8]:

Theorem Az Let P(z) = ) a,;z ! be a polynomial of degree n such that

j=0

a,za, ;2. za za;,>0.

Then all the zeros of P(z) lie in the closed disk |z| <1,

If the coefficients are monotonic but not positive, Joyal, Labelle and Rahman [6] gave the following
generalization of Theorem A:
TheoremB: Let P(z) = ) a,z ' be a polynomial of degree n such that

j=0

a,2a, 2. 2a za,.

- . a, —a, + |ao|
Then all the zeros of P(z) lie in the closed disk |z| <

a

n

Aziz and Zargar [1] generalized Theorem B by proving the following result:

n

Theorem C: Let P(z) = ) a;z ! be a polynomial of degree n such that for some k > 1,
j=0
ka, >a, ,2... 2a >a,.
Then all the zeros of P(z) lie in the closed disk

ka - a +|a|
|Z+k_1|g¥

a

n

Gulz ar [4,5] generalized Theorem C to polynomials with complex coefficients and proved the following results:

Theorem D: Let P(z) = )’ a].zj be a polynomial of degree n with Re( a ;) = « | ,

j=0

Im(a;)=p,,j=01..., n such that forsome k 21,0 <7 <1,

ka, 2a, 2. 2«0 21a,.

Then all the zeros of P(z) lie in the closed disk
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e, + 2a |- ey + a )+ 23 |8
i=0

o
2+ (k-1)—
a

n

<

a

TheoremE: Let P(z) = ) a,z ' be a polynomial of degree n with Re( a)=a,,

j=0

Im( a;)=4,,j=0[1,... n suchthatforsome k >1,0 <7z <1,

KB, > B, 2 2B, 216,.
Then all the zeros of P(z) lie in the closed disk

8, + 208, |- (8, + |p.p+ 2% [e |
z+(k—1)'g—n =
a

n

<

a

n

n

Theorem F: : Let P(z) = > a,z " be a polynomial of degree n such that for some
j=0
real a,ﬁ;‘arg a - ﬁ‘s a < 1, j=01,2,..., n,andforsome k >1,0<7 <1,
2

k|an|2 |an71|2 — > |a1|2 r|a0|.

Then all the zeros of P(z) lie in the closed disk

n-1
k|an|(1+ Ccos + sin a)—|an|+ 2|a0|—r|a0|(cos a —sin o +1)+ 2sin aZ‘aj‘

2| <
a

n

Some questions which have been raised by some researchers in connection with
the Enestrom-Kakeya Theorem are[2]:

What happens , if (i) instead of the leading coefficient a , there is some a ; with

a,,>a, <a, suchthatforsomek >1,a >a ,>...>a, 2ka,2a .. >a,>a

j=12,.....,nand (ii) for some k, > 1,k, 2L;k,a, 2k a , > ... 2a, >a

n-1 1 0"

In this direction, Liman and Shah [7, Cor.1] have proved the following result:

n

Theorem G: Let P(z) = )" a,z ' be a polynomial of degree n such that for some k > 1,,
j=0

a,za, , ... 2a,,2ka, >2a, .. >a, 2a,
Then P(z) has all its zeros in
" ]
a, —a, +|a0|+ (k =1){> (a, +‘a].‘)— a |t
2| < J
an

Unfortunately, the conclusion of the theorem is not correct and their claim that it follows from Theorem 1 in
[7] is false. The correct form of the result is as follows:

Theorem H: Let P(z) = )" a,z ! be a polynomial of degree n with Re( a,) = o ; ,

j=0

Im( a;)=4,,j=0]1,... n suchthatforsome k > 1,,

a,za, , 2. >2a,, >ka, >a

n n-1 A+

Then P(z) has all its zeros in
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o< a, —a, +|a,|+2(k ~Dla,|

a

n

In this paper , we are going to prove the following more general result:

Theorem 1: Let P(z) = > a;z ! be a polynomial of degree n such that for some k > 1,0 < r <1,

j=0

a =a

n n-1

Then P(z) has all its zeros in
| <
a n

Remark 1: For = 1 ,Theorem 1 reduces to Theorem H.

v

cza,,zka, za, .. > a, 0"

a, +2(k-Da,|-r(a, +[a,]) + 2fa,|

a},—l

Taking in particular k =

> 1 in Theorem 1, we get the following
al
Corollary 1: Let P(z) = 3’ a,z ' be a polynomial of degree n with Re( a)=a,,

j=0

Im( a;)=4,,j=01,... n suchthat

IA
QD
[\
v
QD
\Y
S

QD

a ,>a ,>..>a,, >a,

Then P(z) has all its zeros in

2| o) + 2fa,|
a, +2( . )a,|—-z(a, +|a,|) + 2|a,

2| < :

a

n

For - = 1, Cor. 1 reduces to the following

Corollary 2: Let P(z) = 3 a,z ' be a polynomial of degree n with Re( a)=a,,

j=0

Im( a;)=p,,j=01... n suchthat

Then P(z) has all its zeros in

al—l

_aﬁ
a, + (7)|a1|— a, + |a0|)

2| < :

a

n

Theorem 1 is a special case of the following more general result:

Theorem 2: Let P(z) = > ajzj be a polynomial of degree n with Re( a,) = « ; ,

j=0

Im( a;)=4,,j=0]1,... n suchthatfor somek > 1,

a,za, ;2. 2a, 2ka, 2a,

Then P(z) has all its zeros in

g = 1 = 0"

a, +2(k —1)|0‘4|_T(a0 +|0‘0|)+ 2|(ZO|+2zn "B“
j=0

| <

a

n

Remark 2: If g, =0,Vj=012,..., n ie. a,isreal then Theorem 2 reduces to
Theorem 1.
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Applying Theorem 2 to the polynomial —iP(z), we get the following result:

n

Theorem 3: Let P(z) = > ajzj be a polynomial of degree n with Re( a,) = « ; ,
j=0
, n such that for some k 21,0 <7 <1,

Im(a,)=/f,, j=0L..
Bo2 B2 2B 2KB 2B s 2 B2

Then P(z) has all its zeros in

a, +2(k—1)|ﬁl|_7(ﬂo +|ﬂo|)+2|ﬂo|+22n ‘“i‘

=0j

2| <
a

n

For polynomials with complex coefficients, we have the following form of Theorem 1:

n

Theorem 4: Let P(z) = > a;z ! be a polynomial of degree n such that for some k > 1,0 < r <1,

j=0
2k|al|2|al_1| ...... 2|a1|2 r|ao|.

>, [z o 2 |a

A+l

a

n

Then P(z) has all its zeros in
(cos a +sin a) — k|al|(cos a —sinh a —-1)+ 2|al|(k + ksin o —1)

|z|§—[an

- r|ao|(cos a —sin a +1)+ 2|ao|]

Remark 3: For k=1, Theorem 4 reduces to Theorem F with k=1.
Next, we prove the following result:

Theorem 5: Let P(z) = > ajzj be a polynomial of degree n with Re( a ;) = « ; ,
j=0
Im( a;)=4,,j=01,... n suchthatforsome k, >1,k, >1,0<7 <1,

Ka, 2k,a, , >2a, .. a, 2t ,.

Then P(z) has all its zeros in

ke )+ ke, —ka, )ra, (e,

(K, |er,

a2l s 2y 5|
j=0

a

n

, n ie. a,isreal, we get the following result:

2| <

Remark 4:1f g, =0,Vj=1012,..

Corollary 3: Let P(z) = ' a,z ' be a polynomial of degree n such that for some
j=0
k, >1,k,>21,0<7 <1,
k,a, 2k,a, , za, ,..

Then P(z) has all its zeros in
(k,la, [+ k,
2] <

+ aH|) + 2|a0|

a

n

an—1|) + (kla’n - kzan—l) ta, ;- (

Applying Theorem 2 to the polynomial —iP(z), we get the following result from Theorem 4

Theorem 6: Let P(z) = > ajzj be a polynomial of degree n with Re( a,) = « ; ,
j=0
Im( a;)=4,,j=01..., n suchthatforsome k, >1,k, >1,0<7 <1,

Page 12
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kKB, 2K, B, 2B > p, 213,.
Then P(z) has all its zeros in

(k[ + kB, D+ (B, kB )+ B = (B ]+ |8+ 2]8,]+ 2Zn ‘a j‘

2| <

a

n

n

Theorem 7: Let P(z) = > a;z ! be a polynomial of degree n such that for some
j=0

V4
real a,ﬁ;‘arg a, —[)"Sa <—,j=012,.., n,andforsome k, >1,k, 21,0 <z <1,
2

k a

.|a

n

Then P(z) has all its zeros in

>k,

an71|2 n72| """ -

|—k1|an|(1+ cos @ +sin @)+ Kk,

an_l|(1— cos a +sin a) - |a,

- an_1|(l— cos a) + 2|a0|7
1 |
o] s =

a

n

n-2 .
—r|a0|(cos a —sin a +1)+ 2sin az‘aj‘ |
|
Remark 4: For k, = k,k, =1, Theorem 6 reduces to Theorem F.
Taking - = 1 in Theorem 7, we get the following

n

Corollary 4: Let P(z) = 3 a,z ' be a polynomial of degree n such that for some
j=0

V4
real a,ﬁ;‘arg a - ﬁ‘s a <—,j=0,1,2,..., n,andforsomek, >1,k, >1,,
2
k. |a, zkzan71|2 an72| ...... 2|a1|2|a0|
Then P(z) has all its zeros in
1
|z|§ — Lk, |a, [(L+cos a +sin a)+ Kk, aH|(1— Cos o +sin a)-|a,
a

- an_l|(l—COS a)—z-|a0|(1+ cos a — sin a)+2|a0|+ 2 sin ail‘aj‘].

j=1
1. LEMMA

For the proof of Theorem 6, we need the following lemma:
Lemma: Let a, and a, be any two complex numbers such that |al| > |a2| and for some real numbers « and

Vs
B ,‘arg a, —ﬁ‘s a < —,j=1,2 then

2

|a1 - a2| < (|al|— |a2|) cos a + (|a1|+ |a2|)sin a .

The above lemma is due to Govil and Rahman [3] .

3. Proofs of Theorems
Proof of Theorem 2: Consider the polynomial

F(z)=(1-2)P(z)=(Q-2z)a,z" +a,,z2"" + .. +a,z+a,)
n+1 n n-1 A+1
=-a,z +(a, —a,,)z +(a,, —a,,)z + e +(a,,,—a,)z
+(al—a#l)z}“+ ...... +(a, -a,)z+a,
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=-a, 24 (e, —a, )" (e, —a, )" .
+{(a,,~ka)+(ka, —a, 2"+ {(ka, —a, ) (ka, —a,)}z" + ...

+{(a ra0)+(ra —ao)}z+a +|{(,B - B, 1)Z + o ( ﬂl—ﬂo)z+,b’0}

For |z| > 1, we have, Lj <1LVvj=12,...., n so that, by using the hypothesis,
z
|F (z)| > |an||z|n+l - [|ozn - an71||z|n + |an71 - an71||z|n71 + e + |05M1 - kozl||z|“1
+ (k —1)‘0¢1‘|z|“1 vka, —a, |z + k=Dla,|z| + o + o, - 7a, ]
e @-olafel« o+ 2 |8, -8 el + [l
j=1
O I P e
i 2|
1 1 1
+(k—1)‘al —— i |ka, ~a, | ——+ (k-Dla, |+ +]a, —ra,|——
i i i i
1 1
R e T o o R o S P e
2" || = i i
>|z|n[|an||z|—[an—an71+an71—an72+ ...... +al+l—kaﬂ+(k—1)|ai|
+kal—aﬂ_l+(k—1)|aﬂ|+ ...... +al—m0+(l—r)|a0|+|a0|

+Zn:(‘ﬂ,-‘+‘ﬂ,-l)+|ﬁo|]

o] o |- T, + 20 -0l |- £y + o) 2]+ 23 |5
j=0

>0

a, +2(|(_1)|a1|—r(a0 +|a0|)+2|050|+2i ‘ﬁ"
=0

/>
2.

This shows that the zeros of F(z) having modulus greater than 1 lie in

a, +2(k —1)|0‘4|_T(a0 +|0‘0|)+ 2|0‘0|+2zn "B“
j=0

| <

.|

But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence, it
follows that all the zeros of F(z) lie in

a, +2(k—1)|0‘,1|_7(0‘0 +|a0|)+2|a0|+22n: ‘ﬂ"
j=0

| <

.|
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Since the zeros of P(z) are also the zeros of F(z), the result follows.

Proof of Theorem 4: : Consider the polynomial
1

F(z)=(@-2z)P(z)=(1-z)a,z" +a,,z2" + ... +a,z+a,)

n+1 n n— A+1
=-a,z +(a,-a,,)z +(a,,—a, ,)z + e +{(a,,, —ka,)+ (ka, —a, )}z

A-1

+{(ka, —a, )-(ka, —a, )}z  +(a,,-a, ,)z" " + ..

{(a, —ra,)+(ra, —a,)}z+a,.

1 . .
For |z| > 1, we have, — <1 Viji=12,..., n , so that, by using the hypothesis and the Lemma,
z

n+1 n n-1
|F(z)|2|an||z| —[|an —an71||z| +|an71—an71||z| + e +|a G

+ (k —1)‘a1 Hz|“1 + |kal -a ||z|1 + (k —1)|al||z|l + e + |a — ra0||z|

-1

+ (- r)|a0||z|+ |a0|

" 1 1
:|z| [|an||z|f{|an —an_1|+|an_l—an_2|—+ ...... +|al , — ka, 0
i 4
1 1
+ (k —1)‘ai‘ —— i |ka, ~a, | ——+ k-Dfa,| ——+ ... +a, - ra,|—
|Z z z
1
+(1-1)la, — T+ |a, —n}]
d
n
>|z| [|an||z|—{|an —an71|+|an71—an72|+ ...... +|a“1 kal|
+(k—1)‘a ‘+|kal—aH +(k-Da,|+ . +]a, - ra,

+(@-1)ag|+[a, B

n
> |z| [|an||z|—{( |an|— |aH|) Cos a + (|an|+ |aH|) sin a + (|aH|— |an72|) cos «

-k

+ k

+(|an7 +|an72)sin a+ ... + (la

. . a,Jcos a + (la,,, a,)sin a
+(k-Da, [+ kfa,|-|a,..peos a + (k|a, |+ |a, .. s @+ (k-D)a, |

+ (|a1+1|_ |a;_2|)cos a + (|ah1|+ |a172|)sin a + ... ( |a1|—r|a0|)cos a
+(fa]+ rlagpsin @ + @-)a,|+]a, 1

= |z|"[|an||z|—{|an|(cos a +sin a) - k|ai|(cos a —sin a —-1)+ 2|ai|(k + ksin o —1)

- r|a0|(cos a —sih a +1)+ 2|ao|}]

S
.|

- ¢|a0|(cos a —sin a +1)+ 2|ao|]

|z|> [|an|(cos a +sin a) - k|al|(cos a —sn a —-1)+ 2|a2|(k + ksin o -1)
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This shows that the zeros of F(z) having modulus greater than 1 lie in
1

|| < m[|an|(cos a+sin a)-kla,|cos @ ~sin @ 1)+ 2[a, |k + ks @ - 1)
a

_ T|a0|(cos a —sin a +1)+ 2|a0|]

But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence, it
follows that all the zeros of F(z) lie in

|z|§|al—|[|an|(cos a + sin a)—k|ai|(cos a —sih a —1)+2|al|(k+ksin a —1)

— r|a0|(COS a —sin a +1)+ 2|a0|]

Since the zeros of P(z) are also the zeros of F(z), the result follows.
Proof of Theorem 5: Consider the polynomial
1

F(z)=(@-2z)P(z)=(1-z)a,z" +a,, 2" + ... +a,z+a,)

n+1 n n—
=-a,z +(a, -a,,)z +(a,,—-a,,)z + e +(a, -a,)z+a,

=-a, 2" v {(ka, ~k,a, )-(kea, —a )+ (ka,  —a N2 +(a,  —a )z

F o +{(a,~ta )+ (ta,—a pz+a, +i{(B, - B, )" + .
+(ﬂ1_ﬂg)z+ﬂ0}

1
For |z| > 1, we have, —< 1,Vji=21,2, n , so that, by using the hypothesis,
z

n+1 n n n n-1
|F(z)|2 |an||z| _[|k10‘n - kzan71”2| + |k1an - an||z| + |k205nfl - an71||z| + |an71 - an72||z|

ety =gl @ o e] o]+ 5 |8, - 8 2] 1]
j=1
:pr¢Jpp[han_hanl+kﬂn_aJ+kﬂhl_anl+p1_azhi ......
1 1 1 " 1 1
+|a1—ra0| I171+(1—1')|on| n,l+|a0|_n+2‘ﬂi_ﬂj—lTj+|ﬂﬂ|_n}]
d i N 2| 2|
> |2|"tla, 2] - k., ~ Kya, o, + (g ~Da, |+, ~Da, e, —a,, b
+a1—ra0+(1—z')|a0|+|a0|+zn:(‘ﬂj +‘/3,—,1)+|/30|}]
j=1

= 2|1l |2 - €k, —Kpa, 4 kD |+ K, D, ]+, e
—(ay + oo+ 2l |+ Zio‘ﬁ]‘}]
-
= [el e - e [+ Koo up o+ ey —taa ) = [+ o)
+2|a0|+2_zn0\ﬂ,.\}]
-

>0
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|2| > L[(k1|an|+ Kolo oD+ (a, — ko D ra o, |+ |o ] + 2l |+ 2zn B,
.|

This shows that the zeros of F(z) having modulus greater than 1 lie in

2| < L[(k1|an|+ Kolo oD+ (oo, — ko D)+ = (o, |+ o] + 2l |+ 2zn Bl
|an| j=0

But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence, it
follows that all the zeros of F(z) lie in

| < _|a1 |[(k1|0,n|+ oo+ Ry — k) + = (o |+ e + 2|+ 23 |8
n j=0
Since the zeros of P(z) are also the zeros of F(z), Theorem 4 follows.

Proof of Theorem 6. Consider the polynomial
F(z)=(@-2z)P(z)=(1-z)a,z" +a,,z2" + ... +a,z+a,)

1
n+1 n n-—
=-a,z +(a,-a,,)z +(a,,—a,,)z + e +(a,—a,)z+a,
n-1

=-a, 2" +{(k,a, -k,a, ,)-(ka, -a, )+ (k,a,,—-a,  Nz"+(a,,—a,,)z

+ oo +{(a, —ra,)+(ra, —a,)}z +a,
For |z| > 1, we have, Lj <1LVvj=12,...., n , so that, by using the hypothesis and the Lemma,
z
F@f= oo™ -ty - kag el foa, - a2+ oa, s -a e - a ™
+ o +|al—ra0||z|+(1—r)|a0||z|+|a0|]
n 1
:|Z| PR - T +|an1—an2|H+ ......
1 1
|2, _Tao| n- 1)|a | | | ]
" [l
>|z|n[|an||z|—{|k1an—kzaH| |klan—an| |k2aH—a 1|+|a ,—a 72|+ ......

+ |a1 - ra0|+ 1- r)|a0|+ |a0|}]

> |z|"tla, 2| - €k, [a, |- K, |2, peos @ + (k,fa, |+ K, [a, s @+ (k, ~D)a, |

+ (k, —1)|an_l|+ (|an_1|— |an_2|) cos a + (|an_1|+ |an_2|)sin a+ ..

+ (|al|— r|a0|)cos a + (|a1|+ r|a0|)sin a+ (1- r)|a0|}]

n . .
= |z| [|an||z|—{k1|an|(1+ cos a +sin a) + k2|an71|(1—cos a +sin a) - |an|

_|an71|(1—cos a)—r|a0|(1+ cos o —sin a) + 2|a0|+ 2 sin ail‘aj‘}]

j=1

>0
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|2| > ai[k1

n

a |(l+cos a +sin a)+ k2|aH|(l—cos a +sin a)-|a,

- an71|(1—cos a)—r|a0|(1+ cos a — sin a)+2|a0|+ 2 sin ail‘aj‘].

j=1
This shows that the zeros of F(z) having modulus greater than 1 lie in

2| < ai[k1

n

a |(l+cos a +sin a)+Kk, aH|(1—cos a +sin a)-|a,

—|an71|(1—COS a)—r|a0|(1+ cos a — sin a)+2|a0|+ 2 sin ail‘aj‘].

j=1

But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence, it
follows that all the zeros of F(z) lie in

o]«

[k,|a,|(L+cos a +sin a)+k, aH|(1—cos a +sin a)-|a,

n

- an71|(1—cos a)—r|a0|(1+ cos a — sin a)+2|a0|+ 2 sin ail‘aj‘].

j=1
Since the zeros of P(z) are also the zeros of F(z), the result follows.
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