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Abstract

Over the last four decades, optimal control problem are solved using direct and indirect
methods. Direct methods are based on using polynomials to represent the optimal problem. Direct
methods can be implemented using either discretization or parameterization. The proposed method here
is considered as a direct method in which the optimal control problem is directly converted into a
mathematical programming problem. A wavelet-based method is presented to solve the linear quadratic
optimal control problem. The Chebyshev wavelets functions are used as the basis functions. Numerical
examples are presented to show the effectiveness of the method, several optimal control problems were
solved, and the simulation results show that the proposed method gives good and comparable results
with some other methods.
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l. INTRODUCTION

The goal of an optimal controller is the determination of the control signal such that a specified
performance index is optimized, while at the same time keeping the system equations, initial condition, and any
other constraints are satisfied. Many different methods have been introduced to solve optimal control problem
for a system with given state equations. Examples of optimal control applications include environment,
engineering, economics etc. The most popular method to solve the optimal control problem is the Riccati
method for quadratic cost functions however this method results in a set of usually complicated differential
equations [1]. In the last few decades orthogonal functions have been extensively used in obtaining an
approximate solution of problems described by differential equations [2], which is based on converting the
differential equations into an integral equation through integration. The state and/or control involved in the
equation are approximated by finite terms of orthogonal series and using an operational matrix of integration to
eliminate the integral operations. The form of the operational matrix of integration depends on the choice of the
orthogonal functions like Walsh functions, block pulse functions, Laguerre series, Jacobi series, Fourier series,
Bessel series, Taylor series, shifted Legendry, Chebyshev polynomials, Hermit polynomials and Wavelet
functions [3].

This paper proposes a solution to solve the general optimal control problem using the parameterization
direct method. The Chebyshev wavelets are used as new orthogonal polynomials to parameterize the states and
control of the time-varying linear problem. Then, the cost function can be casted using the parameterized states
and control. This paper is organized as follow: section 2 talks about the wavelets and scaling functions, section3
discusses using Chebyshev wavelets to approximate functions, section 4 presents the formulation of problems,
section 5 gives numerical examples, and section 6 conclude this study.

1.  SCALING FUNCTIONS AND WAVELETS
Wavelets constitute a family of functions constructed from dilation and translation of a single function
called the mother wavelet. When the dilation parameter @ and the translation parameter & vary continuously [4],
the following family of continuous

L st—b
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Chebyshev wavelets ¥, (t) =¥ (k.m.nt) have four arguments; k = 1,2,3,...., n=123,..,2% ,mis the
order for Chebyshev polynomials and t is the normalized time. They are defined on the interval [0,1) by:
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_[V2 m=0
m = Iz , m=12,.
Here, T, () are the well-known Chebyshev polynomials of order #z, which are orthogonal with respect to the

weight function wit) = % and satisfy the following recursive formula [5]:

@ =100 =t
Ty &) = 2tT, () = T, _, (), m=123,.. (3)

The set of Chebyshev wavelets are an orthogonal set with respect to the weight function
twy (£} = w(2"+ ¢ — 2n + 1) (4)

3. Statement of the optimal control of linear time-varying systems

Find the optimal control that minimizes the quadratic performance index
ty
;:J‘ (xT Qx +u” Ru)dt (5)
0

subject to the time-varying system given by
x(t) = Alt)=(t) + B(t)ult), x(0) = xp (6)

where
x € R® is the state variables vector.,u € R" is the control vector ,x, € R® is the vector of initial conditions,

Altland B(t) are time-varying matrices, Q is a positive semidefinite matrix , and R is a positive definite
matrix .

I11.  OPTIMAL CONTROL PROBLEM

3.1 Control state parameterization
Approximating the state variables and the control variables by Chebyshev scaling functions, we get [5]

¢ M—1

2B =D D pmm i=1.2, .5 C7)

n=1m=0

2k a2

u; () = Z Z B @ (8D = 1.2, ES 8
We can write these two equations in compact form as :
x(t) = (27 (D)@I)a
ult) = (2T(O)@I, )b (10)
Where I, .1, are s x5 and r x r identity matrices respectively , 27(t) is Nx 1,
( N = 2%(M)), vector of Chebyshev scaling function given by :
B(t) = [Bym_s () By (8). By (). oo i (DT (11)
@[m—l{ﬂ = [¢'[n'&]a¢'[1{ﬂa "'*‘pl}:f—l{ﬂ] (12}
and
a=[alal..a" (13)
al = [ﬂin @iy e Blpg_y Bhg e Bapgog oo ﬂ';kn ﬂ';k;.;_l] i=1lZ..,5 (14)
b=[8' 8.0 | | (15)
B! = [blo By en Blyg_s Blagy e Bhyg_g bihg e By ] i= 12,07 (16)

a and b are vectors of unknown parameters have dimensions sN x 1 and +IN x 1 respectively.

3. 2 The product operational matrix of chebyshev wavelets
The following property of the product of two Chebyshev wavelets vectors [5] will also be used. Let

W)W (B F = Fele), (17)
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Where F is (2"M)x (2°M) matrix. To illustrate the calculation procedure we choose
M=3agnd k=2

Thus we have: F = [fig, fir. fizs v fono fars faz 17
P(E) = [ap (), gy (8, @y (8D, g (8), gy () gz (E017

Then
& 0 0 O
0 E 0 0
F= -
0 0 E 0
0 0 0 E
In general case F isa ( 25M) X ( 2%M)
5, 0 - D
F=|9 B ?] (18)
0 0 -« Fu
Where
[ fio fie fiz fiz Sim—z fim—1 ]
1 1 o1 i 1 1
fa fot—=fa ZWu+fu) Fa+fid .—;(ﬂ'_m-z + fin—z) =finz
Wa WA WA WS W
1 . 1 1 . 1 1
ff: Eﬂ.ﬁfﬁ“ﬂz! ﬂ'n+:‘l.—§f|:4 E(.ﬁi'*ﬂ's! Ef.u;:-{-;t _\.._Ef.lll'.-'[—!
k ) 1 1 1
ﬁl:?; ﬁn+1‘,—§fm ﬂ1+ﬁfnu+1 Eﬂr
W 1
Jﬁ1+._;fllu+1 fin
N
1
fio f_E‘ﬁL
1 1
| fine—1 Eﬂm-: f_f'ﬁl fw |
{ﬂ-’f—z ﬂ’fﬂ'ﬁ‘l
=l -1 Modd
M/2 M even
ar = M —
. M odd (19)

3.3 Performance index approximation
To approximate the performance index, we substitute Eg.({ @ Jand{ 107 into{ 3 to get [6]

1
J= | @ @0 @@ @1)a+ @O ®1IRETE @ 1))dt (20)
o

It can be simplified as

1
j= j (@ @OFT) @ Qa + b @B ST @ Rb)dt (21)
o
Because of orthogonality of Chebyshev scaling function and using Lemmal in chapter three
1 T
fn ¢ ()T (t)dt = RR (22)
Then J=a"(RR @ Q)a + b"(RR @ R)b (23)
It can be wrote as
s o | BR@Q Oy en ]
=lag & y 24
J=la ][UMNS RR@R [Z] (24)

To approximate the state equations we write equation ( 9) as
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2% M-1
x = ':pl_i'{ﬂ O (257
i=1 j=0
Or
xr= '?T':ﬂ['lm'ln oo Eypg_yBag o Egpg g Wglep oo Ogkpy 4 ]
=27 (tla (26
Where o; = [;1[J al-j-‘ e 357 ]
The control variables ( 10) can be rewritten as
5 M-1
H—ZZ%&JEU (27)
i=1 j=

Or
u =27 (O[B0Byy - Bur—1Bz0 - Bapr—1Bgkg - .E:*M—l]
=27 (£)p (28)
Where B = [by" by” .. by"]

3.4 Time varying elements approximation
Then we need to express A{t} and E{t} interms of Chebyshev scaling functions. The

approximation of A(t} can be given by [6] :

2" w1
Alt) —ZZALJ%&] (29)
i=1 j=
Ale) = [H,_D Agg e Appgoy Agg e Agpg g e Agkg e ﬂ:k;.;_l]'?{ﬂ (30)

Where A;; is an s x s constant matrix of the coefficents of Chebysher scaling function

i {t). Theses constant matrices can be obtained as
L

Ay = J‘l.:iﬂ{tjlcp[_i- (t)dt {31)
Similarly , E{t} can be expanded via Chebyshev scaling functions as follows
B(t) = [Byy Bis. Bi—s Bag o Bosgoy o Byig e By |2(0) (32)

Where B;; is an s xr constant matrix

3.5 Initial condition
The initial condition vector x, can be expressed via Chebyshev scaling function as
= ; k2 (‘? hles af ... afl
= ‘_ i 2(27(0)g, (33)
where 9o =lafy 0..0a%0..0...ak, 0..0]7
and al = [x;(0) x,00).. x,(0}]
We multiply Eq.( 33 )by factor,
I
I';II
"\I 2
g:

because from Eq.( 2 Jwe can obtained

o = =

o T

&=

To express the state equations in terms of the unknown parameters of the state variables and the control

variables , Eq.{ 27 can be integrated as
t

r
(8 —xp = [ A x() dr + f B u(ddr (34)
o

o
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Ey substituting { 26, 28),( 30).( 323 and { 33 Yinto { 34 ), we get
#T(tla —¢T(t)ag,

t
=[ Agy o Agiy_,] ®(O2T Dadt
i)

t
t [ (B - Bay ] 9@eT(par (35)
0
EBut from { 17 ) we have
[Ary - Agipy_y] B(D2T=274 (36)
[Big - Byry_,] @(0)@7=2"8 (37

where A and B are sN x sN and sN x rN constant matrices respectively. Substituting
{ 36) and ( 37 Jinto equation ( 35) gives

t L
#7(a — 2739, = [ #TADadt+ [ 27 Bpar (38)

o o
Using the integration operational matrix P of Chebyshev scaling function , we get
2T (e —2T(E)5g, = 2T (E)PT Aa + 2T (()PTER (39
(@T()@l)a — (2T(D@1,)6g, = @T (P @I,)Aa + (@T(IPT@RIJEDL  (40)
Iy.a— &g, = (PT®I)Aa + (PT®I)ED (41)

I

3.6 Continuity of the state variables
To insure the continuity of the state variables between the different sections we must add constraints.
There are 2% — 1 points at which the continuity of the state variables have to ensured [8].
Theses points are :
b=k i=1,2....28 -1 (42

Sothere are (2% —1)s equality constraints given by :

(1@ (0))a = 03k_y; 4 (43)
Where
Pam-1(ts)  —@am_s(t;) 0 0 0 0
. 0 Pam-1(t2) Py (ts) 0 0 0
2= 0 o am(ta) - @um(ts) O 0
0 0 0 0 tp[:k—l:lm{t:k—l} —tp(:k_l}m{t:k_,_}

(44)
&'is (2% — 1) x (2%M) matrix

IV. QUADRATIC PROGRAMMING PROBLEM TRANSFORMATION
Finally by combining the equality constraints ( 41 ) with ( 43) we get
PPRLMA-Iy, (PTRIJE]|[ay [ —ga & ]
{'i’r 'E' Ig:] D.::k—ijsx}'.fr [h] -
We saw that the optimal control problem is converted into a quadratic programming problem of minimizing
the quadratic function ( 24 ) subject to the linear constraints ( 45 ) and solved it using MATLAB program.

(43)

U[:k—ljsr L

4.1 Numerical Example
Find the optimal control u(t} which minimizes

17t .
I= EJ‘D (x° + u)dt

subject to = tx+u x(0) =1
We solved this problem for
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k=2and M = 3,45, the optimal value we get as in Table (1) as shown

Table (1)
K=2 K=2 E=2
M=3 M=4 M=5
i 0484823598604 4 0.4842684350618 0.484267310538¢

The optimal state and control variables are shown in Figures (1-3 ), we noticed from Figures ( 1 — 3) and from
Table (1) that when we increase M we obtained at a good trajectories plots and at good results of performance

index (J).
State andControl Trajectory x(t)& u(t)
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Figure ( 1) Optimal state and control K=2 M=3
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Figure (2) Optimal state and control K=2 M=4
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Figure ( 3) Optimal state and control K=2 M=5

.ijceronline.com

||April||2013|| Page 272




Solving Optimal Linear Time-Variant...

Table ( 2)

Research Jaddul6] [7] This research

name

I 0.48426760037684 048427022 0.484257810538082

Table ( 2 ) shows the comparison between our research and other researches to solve the previous problem ,
from the table we notice that our method is good compared with other methods. In this chapter we proposed a
method to solve the optimal control problem time-varying systems using Chebyshev wavelet scaling function,
we applied this method at a numerical example to see the effectiveness of the method and compared with other
methods.We need to solve the optimal control problem time-varying systems because we must need it to solve
the nonlinear optimal control problem in the next chapter.

V. CONCLUSION

In this paper, a numerical methods to solve optimal control problems for linear time-variant systems
was proposed. This method was based on parameterizing the system state and control variables using a finite
length Chebyshev wavelet. The aim of the proposed method is the determination of the optimal control and state
vector by a direct method of solution based upon Chebyshev wavelet. An explicit formula for the performance
index was presented. In addition, Chebyshev wavelet operational matrix of integration was presented and used
to approximate the solution. A product operational matrix of Chebyshev wavelets was also presented and used
to solve linear time-varying systems. Thus, the solution of the linear optimal control problem is reduced to a
simple matrix-vector multiplication that can be solved easily using MATLAB. Numerical examples were solved
to show the effectiveness and efficiency of the proposed method. The proposed method gave better or
comparable results compared to other research. Future work can deal with using Chebyshev wavelet to solve
nonlinear optimal control problems.
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