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l. INTRODUCTION

The name generating functions was introduced by Laplace in1812. Since then the theory of generating functions
has been developed in various directions and play a vital role in the investigation of various useful properties in
different branches of science and technology. In the present investigation we find different types of bilinear and
bilateral generating functions of different parameters by using the technique of fractional derivatives on some
well-known infinite series identities.

In literature the use of fractional derivatives in the theory of hypergeometric functions have wide application in
the field of modeling, physics and engineering, stochastic process, probability theory, in solving ordinary and
partial differential equations and integral equations(see [4], [5], [7], [12]). etc.

In 1731, Euler’s extended the derivative formula ([12] pp.285), to the general form as
uray . T@A+D) -
DZ{Z}_F(A—n+1)Z (1.1)
where p is an ordinary complex number.

Here we use the theorem which is mentioned below, is the application of Euler’s derivative formula to
some special functions.
Theorem 1: If a function f(z) is analytic in the disc |z| < p, has the power series expansion,

f@) =) @a7" 12l < p (1.2)
n=0
then ,
N r() S (@ (Dn
DY{Z*f(2)} = z a), DY {1} = ——— -t N~ hgn 1.3
f( ) n=0( )n r(). _,Ll) r (/1 _/i)n ( )
provided that Re(4) > 0,Re(u) < 0,and |z] < p.
Some of the definition and notations used in the given manuscript are stated below:
Appell function of two variables defined by [1] are given as
, (D min(B)m(D)nx™y"
F. T = 1.4
l[a' b'b' c; x,y] . (c)m+nm!n! ( )
o _ (@Dmin(D)m(D)nx™y"
F,[a,b,b’; c,c; x,y] = . O (Oominl (1.5)

Generalization of Appell’fl]nction of two variables by Khan M.A. and Abukhammash G.S. [2] are defined as
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(@) mn(D)m (B)n (€)m () x™y"

M;(a,b,b',c,c;d,d,ee’;x,y) = - - 1.6
: NZ L T (@n@n@n@), minl o
o (@ (B (D) () () XY™
My(a,b,b,c,c;d,ee;x,y) = : 1.7
' V= LT @pen@n(@)n minl an
, , ' (@man D man(©m(€)n X"
M,(a,b,c,c;d,e,e;x,y) = Z : 1.8
7 PZ LT @nn@n(@)y min 19
, a b )y, (€, x™y™
Ma@becs deixyy = S Onn@nm@nn "y o

- (Dmin(@)min m!n!
mn=0

Lauricella [3], generalized the Appell double hypergeometric functions F;, ..., F, to functions of n variables, but we
use only two F™and F™ are defined by

- a b)m....(b Xt X
EXLa, by, ... by Chyee Cpi Xy oo Xy = Z @yt (Br I By 21 T o (1.10)
5 o (cl)m1 ...... (cn)mn m,! my!
|icol|, .......... ] <15
a)dm....(b b .(b KM
FB(")[al.....an, bi,....,by;C;xq,...,%,] = Z ( 1)m1 -( n)mn( 1)m1 ( n)mnl__._ n (1.11)
Mg gy =0 (C)m1+ ..... +mp ml' mn'
max{|x;|,.coeeennns Ll < 1
a b)) e b X xm
FD(n)[a, bi,..... bp;CiXqyennnn Xl = Z ( )m1+ """ +m"( 1)m1 ( n)mnl_____ n (1.12)
(C)m1+ ..... +mpy m1! mn!

max{|x;|,.......... xnl} < 1.
Saran [8] initiated a systematic study of these ten hypergeometric functions of Lauricella's set. We give below
the definitions of two of these functions using Saran's notations F,; and Fy and also indicating Lauricella's
notations:

(al)m (az)n+p (.Bl)m+p (:Bz)n m an

F ) ) ) ) ) ; ) ) ; ) ) = 1-13
mlas, @z, az, By, Ba B1i Vi V2 V2 X, Y, 2] ] (V1)m(}/2)n+pm'n'l7' ( )
mn,p=0
(al)m(az)nﬂz(ﬁl)mﬂ)(ﬁz)n
Fylay, ay, a3, Br, B2, Bis V1, Vo V3 X, ¥, 2] = xMy"zP 1.14
klay, @z, &z, By, B2, B1i V1, V2, V3 X, Y oy (h)m(}/z)n(]/g)pm!n!l’! y ( )
A general triple hypergeometric series F®)[x, y, z] defined as (see [12], pp. 69) is defined as
(@) :: (b); (B'); (B"): () (c"); (c");
F®lx,y,z] = F® X,V,Z
(e = 9); (g (g"): (h); (R); (R");
b myn 7P
= A(m, n,p)ﬁg—' (115)
i I'n! p!
where, for convenience,
A(m n p) _ H}q 1 ( j)m+n+p H? 1 (b')m+nH (b )n+p HB” (b”')p+m
o 1 (e})m+n+pl'l =1 (g,)m+nl'[ 2, (g Dn+p HG”1 g’ ])p+m
]=1 (C])m L1 (C])n C”1 (" (1.16)

fer (RDm T2y (W) T2, h” )p
where (a) abbreviates the array of A parameters a,,...,a4. with similar interpretations for
(b), (b", (b, etcetra.

In this manuscript we use the following fractional derivative formulas [9] and linear generating functions formulas
[10] to obtain the several class of bilinear and bilateral generating functions.

D;l—ll {x“(l — x)—B (1 _ 1(1)_Xx)—)/}
_Il+a)
YCETD)

wXx

—X
xl‘—(]__x)—“_lFl [1+a,y,1+ﬂ—ﬁ;1+ﬂ;m,m] (117)

<1
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wx \7Y Wyx \ 8
a~p) a1 — B (1 - L _ 2
DS {x a-x0*(1 1_x) (1 1_x)}
_I'l+a)
TTA+p
where, Re(a) =0, |x| < 1,

WX WX X
1—-x"1-x"x-1

xH(1 - x)“"_lF[E” [1 +a,y,81+u—pB;1+y

wlx wzx

<1, <1

Dy H {x“(l —0)F1—wx) (1 B 1aizx)_6}
_T(l+a)

= WMM[M +a,1+a,B,7.68:8,1+u1+ w0, wx, x]

Dy * {x“(l - )P - wx)” (1 - wzx ) 5}

1-—x
l+tauw—— B;——:1y; 6;,——;
xHF®) WX, WX, X
1+tps——————1—— B ——;
wzx <1

_I'l+a)
T+

where, Re(a) =0, |x]| < 1, |w.x| < 1,
pHi—@1pHa=az [iz=as {xl—alxz—a2x3—a3 <1 _ Wy )_B (1 _ w3 >—y}
X1 Xo X3

X1X2 X1X3
F(l —a)l'(1—a)T'(1 — a3)

T - ul)F(l - uz)F(l - us)
where, | < 1.

X1 Hx, T H2xsTHIM,, [ﬂl'ﬁ Vil Uz; Oy, Oz, O35 ——

X1X3
;Zl ”Da u {xl a’(l —wxx) (1 - wlexz)—y}
F(1+a)F(1+a)
TTA+ WA+ )
where, Re(a) = 0,Re(a’) = 0, |wyx1%5| < 1, |wyx1%,] < 1.

Df‘“{ -“(1—71)B(1—%)”}=—§8:“§x e 22

XM EMg[1+ o, 1+, B,y 1+ 1, 1+ W w1x1X5, WX, X5 ]

<1

Dy {x“(l - wlx)_ﬁ(l — wyx)7Y (1 - ﬁ)_g}

X
I+ a)

_mx GB[1+0(6,8]/,1+M, wlxwzx]

Dy~ ”{x“(l - a)lx) Faa- a)zx) Y- a)3x) 6}
_I'l+a)
T T(1+p
Where Re(a) = 0,|w.x| <1, |w2x| <1, |wsx| < 1.

x#Flg3)[1 +a,B,7,6; 1+ 1; wx, WX, w3x]

w1

w1

X1X; X X3

A
()an[/1+nu,u a,a;— —]t"—(l—t) AFZ[Au,u a,a;

>

n 0

(l)n
M3 A+, fy, fo, sy fa; B, Az, Az, Ay

W Wy ]t"
X1Xp X3Xy

Wy w3 ]
x1%,(1 =) x3x,(1 = 1)
w; Wy ]t"
X1X X1X3

w1
X% (1 —1) xx3(1 - t)

= (1 — )M, [/1 H1, Koy U3y Bys Qq, O, A3, Ay,
(l)n

Ms

M7 [/1 +n, Uy, Uy, Ps; X, Ap, O35 ——

3
I
=

= (1 —- )M, [/1'.“1'#2'#32 ay, @y, A3;
A)n

)

HA[B A+n1+aB,1+ 1w, wix, x]t"

S
o

x(1-10) %1 -1)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)
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— (1 _ )2 . s ]
a-0 HA[ﬁ.m+a.ﬂ,1+u,(1_t),(1_t),x (1.29)
= (D), wx  x
ZO y F1[1+a,/1+n,1+,u—/?,1+u,m,x_1]
1_1 t—’lF[1+ 1+ 1+ u; i ad ] 1.30
_( ) 1 a, A, 14 B' :u'(l_x)(l_t)'x_l ( )
(A)m(A2)n 3 WX WX Mre 1
OTF [1+a,/11+m,/12+n,1+u—[?,1+u,1_x,1_x x_l](tl) (ty)
mmn=
N D (3)[ _ . : W1X W2 X x
(1—t)™MA—t)FP [1+ a2y, 2,1 +p B'1+#'(1—x)(l—tl)'(l—x)(l—tz)'x—l] (131)
A)mA2Dn . e
Inl (tl) (tZ) FM[)'Z+nf1+av1+arﬁfﬂ'1+mfﬁ;ﬁ!1+#!1+.u';w2!w1x1x]
o m:n:
w
= (1—t;)™M(1 = t,)"2F, [/1,1+a,1+a, ALBi B+ w4 g — ,x] 1.32
( 1) ( 2) M |2 B.AuLB; B u 'u(l—tz) (1—t) ( )
(Al)m(lz)n m n (3) 1 + a: ﬁ Al +m Az +n -
EEe— (&)™ (E)"F 1+H S P wlx Wy X, x]
m,n=0
_ _ 1+a::—6;,—2A;4 w1X
— — A1 _ Ao 7 (3) 1,42,
R G ] PG A o B cpr (1.33)
(A1) m(42) w
SRR [y +m, 2y 0=, 22 ()™ )"
m,n=0
= (1 - t) M (1 - t)2F, [u Ay A oy 22 ] (1.34)
’ ’ x(l_tl) x(l_tz)
S (AW m (M)
Z MFG)U ta, i +m Ay + 1,43+ 01+ 101X, w,x, wax](8)™ (82)" (E3)P
mmnp=0 m-n-p:
= (A—t) ™M - t) (1t ‘)‘3F(3)[1+a,/1,l,/1;1+ P S e i 135
( 1) ( 2) ( 3) D 1, 12,713 u (1_t1) (1_t2) (1_t3) ( )
I.  BILINEAR GENERATING FUNCTIONS
Consider the elementry identity (cf. [12], p. 297),
_ LN A — (1 A _L_J’_xyt]
(-0 -y -7 =a-0"|(1-7) (- 72) - gog @1

where, |m| < 1 and |(1 - a2l

7| < 1, can be written as
—x=t)(1-y-t)
o (4 )n

x)—(l+n) (1 _ y)—(l+n)tn

x —(A+n) y —(A4n) xyt n
=@a- Z 11— t) (1 B m) ((1 - t)2> ' 22)

n=

In relation (2. 2) replace x, y by x—“’ uy respectively, then multiply both sides by x*(1 — x)“Fy (1 — y)~%. After

that operate the fractional derlvatlve operator D,‘f'”D;_" on both sides, and by using (1.17), we arrive to the
bilinear generating function

Z(A)nF[1+a/1+n1+ R B —
n! 1! ’ ’ K ’ ”'1—x'1—x
n=0
_ uy -y
XF1[1+y,/1+n,1+77 6,1+77,—1_y,—1_y
' (Dn(1+ @), (1+7), wx —x
— (- F[l A+nl+u—p 1 ; . ]
(1= AR T ATRATE R DGR ET:
n=
xF[1+ A+ nlen—61+n+ hid ( xyuet )n 23)
n, n, - 6; n; .
S 7 TTrayna-oa-pI\a-na-ya-o2
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In relation (2.2), replace x, y, t, A by % % t,;, A, respectively. Again, replace x, y, t, 1 by g % ty, Ay
respectively, then multiply these two equation each other and also multiply with x%(1 — x)~#y? (1 — y)~%. Now on
operating the fractional derivative operator D,‘j‘_”D;_" on both sides and with the aid of relation (1.18), we arrive to

the bilinear generating function

o (A)m(Aa)n
m!n!

WX WX X

3) _ N .
; Fy [1+a,11+m,12+n,1+u ﬁ'1+‘u'1—x'1—x'x—1
=

u u
><FD(3)[1+)/,/11+m,/12+n,1+r)—6;1+17; b4 2

y Y mep yn
T Tkt (MY
(ll)m(lz)n(l + a)m+n(1 + y)m+n
A+ Wmin( + Mmynm!n!

=1 -t)™MA-t) ™

n=0
x F{¥ [1+ +m+ Am+n +nl+u—Bl+p+m+ il D27 -
a m n, m, n, — p, m n, ) )
D 1 2 # # 1-0(1-t) 1-0(1-t) x—1
3) Uy uzy y
X F, [1+y+m+n,l +mA,+nl+n—-81+n+m+n; s ,
b ! 2 A-»A-t)A-NA-6)'y—-1

( Xyu w1ty )’” ( XYyUy wot, )”

Q-1 -yA-t)* \1-x0)(1-y)(1A - t)?
Now, we adopt the analysis employed to obtain (2.4) and use the result (1.19) and (1.20) respectively, we then
obtain the double generating functions as given below:

(A)m(A2)n
m!n!

(2.4)

FylA,+n1+ a1+ a4, +mpB; 8,1+ u 1+ 1 wy, wyx, x|

m,n=0

XFyld, +n,1+y,1+y,6,A4 +m,6;8,1+n0,1+nuy,uy, y] ()" (t)"
(Al)m(lz)n(l + a)m(l + y)m

=(1—-t)™MA-t)™ 1+ w,1+n),mn

m,n=0

w WX
><FM[)Lz+n,1+a+m,1+oz+m,ﬁ+n,)L1+m,ﬁ+n;B+n,1+u+m,1+u+m;(1 zt)’(l 1t),x]
— L2 — U

U, uy
u—aru—arﬂ

XFM[/IZ+n,1+y+m,1+y+m,5+n, LA+mé+nd+nl+n+ml+n+m;

XYU w1t \™ [ Upwoty \T
(J’111)(222) (2.5)
1-t)? (1-1t)?
1+a:i—;p—— A +mA +n,—;
dnCdn s #i e i A
e WX, WyX, X
mn=0 m-n: 1+p:——5 — — =5 B, ——;
1+ys—6——A4+mA, +n,—;
x F® WY, uzy, y | (t)™ ()"
1+4ns ——5 ——5 ————5 6 ; ——;

(Al)m(lz)n(l + a)m+n(1 + y)m+n
A+ Wman (X + M)pgnmlin!

=(1-t)™MA-t)™
mmn=0
l+a+m+n:——pF+n——A4 +md, +n——;

« F® w1x WX

) lx
l1+p+m+n: —; —; ——: —; B+n;——;(1_t1) (1-t)
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l+y+m+nu——6+n—— A4 +mA, +n,——;
% F(3) 14 1 2 uy uy
l+4n+m+ns ——; ——; ——:——; §+n; ;A=) (1 -6)
XYU W1\ (XYU, 0ot \"
(3’111)(3’222) (2.6)
(1-1t)? (1—-1ty)?
In relation (2.2), replace x, v, t, 1 by — w5y yiva , t;, A, respectively. Again, replace x, y, t, A by — papo v ty, A,
1 2 1 3
respectively, then multiply these two equatlon each other and also multiply both side by
x"F1x T2y "%y Y1y V273 Now on operating the fractional derivative operator

D1 "Dy %2 pram s p it p T2 pisTYs on hoth sides and by using the relation (1.21), we obtain the bilinear
generating function .

(A)m(A2)n Wy W
WM4 I:,U.l,ﬂl + m, /‘12 + n, Up, Us; a4, @y, a3:x1x2 :x1x3
m,n=0
Uuq
o O e P [COMICOW
4 1,741 2 223,71y V2,73 y y y y 1 2

A m(A2)n (M) man M) man U2) m M2)m (U3)n(M3)n
(al)m+n (yl)m+n (az)m()/Z)m(aS)n (y3)nm! n!

=1 —-t)™M(A—ty) ™

m,n=0
><M4[u1+m+n,11 +m, A, +n, Uy, Usa + MmN, oy, as; e ,
xlng}l— ty) x1x3gllz— t,)
X My [771 +tm+nid +mA; + 0057 t Mt NV, Y3 A=t v =)
% ( wyUty )m ( WoUyt, )” o
X1%,Y1Y2 (1 — t1)? x1x3Y1Y3(1 — t3)?

In relation (2.2), replace x, y, t, 1 by wyx,x,, u;¥1Y5, t1, A1 respectively. Again, replace x, y, t, 1 by by w,x,x,,
U,y1Y2, ta, A, respectively, then multiply these two equation each other and also multiply both side by

x“1x®2yY1y¥z Now on operating the fractional derivative operator D;*"#*Dy2"#2p}1™" py27"2 on both sides and
by using the relation (1.22), we obtain the bilinear generating function .

(A)m(A2)n

Tl Mg[1l+ @y, 1+ ay Ay +m Ay + 51+ py, 1+ py; 01X1 X5, 0% X5 ]

m,n=0

X Mg[1+vy1,1+y2,4 +m A + 1+ 01,1+ 025wy Y2, U1 Y21 (€)™ (8™

(Al)m(lz)n(l + al)m+n(1 + az)m+n(1 + yl)m+n(1 + y2)m+n
(1 + .ul)m+n(1 + .uz)m+n(1 + nl)m+n(1 + nz)m+nm! n!
W1X1Xy WXy X;

(1-t)" (1-tp)
WY1y UY1)o

-t d-t)

=(1-t)hA-t) ™
m,n=0

ng[l+a1+m+n,1+a2+m+n,/11+m,/12+n;1+u1+m+n,1+u2+m+n;

xM8[1+y1+m+n 1+y,+m+nli+mi,+n1+np+m+nl+n,+m+n

<w1u1x1xZY1YZt1) (w2u2x1x2)’1)’2t2) (2.8)
(1-1t)? (1-ty)? '
In relation (2.2), replace x, y, t, A by =%, =%, t;, A, respectively. Again, replace x, y, t, A by by =2, =2, t,, 2,

respectively, then multiply these two equatlon each other and also multiply both side by x‘”‘ly‘y1 Now on
operating the fractional derivative operator D,‘C‘_“D;’"’ on both sides and by using the relation (1.23), we obtain the
bilinear generating function .

c /11 m /12 n
Z % Fyldy +m 2, + = —]Fl [r),/11+m/12+n yi—, = (tl)m(tz)"
mn=0
. O D) n Wmin Mimsn
(- ) S

mn=0
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w4 W, ]
x(1—1t) x(1—t;)

xFl[,u+m+n,/11+m,/12+m;a+m+n;

WUyt )m( WUyt )n (2.9)

Uy Uy
xF[n+m+n,A +mA,+my+m+n; s ](
' ' ’ yA-t) y(1 - ) \ay (1 — )2 \ay(1—ty)?
In relation (2.2), replace x, y, t, 1 by w;x, uyy, t;, A, respectively. Again, replace x, y, t, A by by w,x, u,y, t,, 4,
respectively. Further, again replace x, y, t, 1 by % % ts;, A3, then multiply these three equation each other and
also multiply both side by x~“y~¥. Now on operating the fractional derivative operator Dy “DJ™" on both sides
and by using the relation (1.24), one obtain the bilinear generating function .

(A)i(A2)m(A2)n

w3
T G [+ +n2 +02,+m1 +M,7,w1x,w2x]

L mn=0
u
X G [1 A A+ LA, n;f,uly,uzy] () ()™ (E5)"

(41)1(22)m(A3)n (1 + Dvymin(d + V)i4min
(1 + .u)l+m+n(1 + 77)l+m+n l'm!n!

= (-t)HA-t) -t Y

L, mn=0

w3 WX Wy X
x(1—t) ' (1—t)" (1 - t2)]

XGplll+a+l+m+niz+n i+ LA, +ml+u+l+m+n;

Us uy uzy
yA—-t)' (1—-t) (1- tz)_

XGgl[l+y+l+m+nAz;+n i+ LA, +ml+n+l+m+n;

(xywlultl)l (xywzuztz)m ( W3Usl3 )n (2.10)
1-t)*) \(A—ty)? xy(1—t3)?

where Horn's type hypergeometric functions of three variables is defined by Pandey [6] as

Gyla, Br, Bz B ¥3 %,7,2) = Onp P PeInlBoly 211)

e Mn+p-mm!nlp!
In relation (2.2), replace x, y, t, 1 by w,x, uyy, t;, 4, respectively. Again, replace x, y, t, 2 by by w,x, u,y, t,, 1,
respectively. Further, again replace x, y, t, A by wsx, usy, t5, 15, then multiply these three equation each other and
also multiply both side by x%yY. Now on operating the fractional derivative operator D,‘j"“D’y’_" on both sides and
by using the relation (1.25), one obtain the bilinear generating function .

i ()1 m (A2)n

min] Fg3)[1 +a, i+ LA +mA;+ 1+ 1 wix, 0X, wsx]

L,m,n=0

X EOL 41,40 + L2 +m, 25 + 05 1+ m5w0y, upy, usy] (6)! (6)™ ()"
(Al)l(lz)m(/h)n(l + a)l+m+n(1 + y)l+m+n

=(1-t)™MA-t) 21 -t
! ? ’ (1 + 1) eman(L + Migmen Lmin!

Lmn=0

xF(3)[1+ Flem+n + L, +mAz+m 1+u+l+m+ T

a m n, , m, n, m n, ) )

D 1L T : A—t) (1-1) 0 t3)
uy uzy uzy

ng3)[1+y+l+m+n,/11+l,/12+m,/13+n;1+n+l+m+n; oA a0
— U — L2 — L3

(xywlultl)’ (xywzuztz)m (xya)3u3t3)" (2.12)

A=t)?/ \A=1t)*) \(1~t3)?
Il.  BILATERAL GENERATING FUNCTIONS

In this section we establish various types of bilateral generating functions by using the linear generating functions
discussed in the section (1), as mentioned below:
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By replacing ¢t in (1.26) by t(1 — y), then multiplying both sides of by y? and then operating the fractional
derivative operator D;'_‘S, one obtain

- A w; ©
D;,’_‘s{ (n)'n F, [/1 +n,uu;a, a’;—l,x—z] t"y" (1 - y)"]
n=0 ’
wq

= D‘y_(s {F I:ﬂ'l ) ’; J
A P e ]k xz[l—ta
Now with some usual calculation (3.1), yields

(D W Wy -n1+y; 1.,
Z FZ[/1+n/.t,u a,a; = —] 2F 1+6;y]t

1 X,

il (3.0)

1 w3
(@A —-t)x1-t)'(t-1) 32
Further, we again use the same analysis, which is used to obtain (3.2), for the generating functions (1.27), (1.28),
(1 29), (1.30) to obtain four another bilateral generating functions as follows:

w; - .
1 2] 1[ n,1+y,y]tn

=(1 —t)_’lFA(g) [A,/.t,/.t JA+y;a,a',1+46;

1)
Z nMs [/1 TN, Uy, Uoy Uzs Ug; 01, Oz, O3, Qs ————

XXy X3%4 1+6;
Ay, Ug; 3, U 1+ Y5 W1 Wy yt
=(1-t AF1221[ 1, U2 U3, Ua ' , 33
( ) 221 all az, a3; a4—i 1 + 6 xle (1 t) X3X4_(1 - t) (t - 1) ( )
@) w; Wy -n,1+vy;
Z nM7 [/1 +n, .“1'112'.“3'“1’“2:“3:){1)62 ﬁ] 2 1+ 5)/; }’] t"
A u,—; TP N S Wy W3 yt
=(1-t AF(3>[ ! 2 , , 3.4
( ) all :az; a3; 1 + 6: xle (1 - t) X1X3 (1 - t) (t - 1) ( )
oo /‘{ _ '
Z n Hy[B,A+n14+a;B8,1+ 1 wy, wx,x],F; [ ni1++5y_'y] t"
n=0 )
—(1-p (B)p(1 + a),(x)?
~ (1 + wpp!
x EOLB +p,1+ : @2 onX N
5 A, P, a+pl+ty;B1+u+p1+6; (3.5)

A-0'd-0'¢-1
where hypergeometric function H, is defined by Srivastava [10] as

Hyla, B, B v,y %y, 2] = Z (az;n;ng()ﬁ)mx(jiﬁw X"yt (36)
m n+p

x| <7yl <s, |zl <tr+s+t=1+st.

m,n,p=0

Z; (/:l)!n F, [

=A-O*Fy1+yl1+al+a 1 +u—BA41+81+u1+y;

s . wXx —X —n,1+]/, ] n
l+ad+nl+u B,1+l"_1_x'1_x] S IR e

yt wx 3.7
Et-1D'A-x0-t)x-1 3.7
Now, by replacing t; and t, in (1.31) by t,(1 — g,y) and t,(1 — o,y) respectively, such that |¢;| <1, i =1, 2.
Further, multiply both sides of it by y¥ and then on operating the fractional derivative operator D}f"s, one obtain

a)lx a)zx X ]

1-x"1-x"x-1

> (A
DJ’:_‘S{Z (11);:(712)nF(3)[1+a/11+m/12+n1+/1 B;1+u;

m,n=0

X (t)™ )"y’ (1 = a1y)™ (1 = 02)"}

=Dy_6{F(3)[1+a/1 A ldp—B1+ i il -
L T T A -0 -6 -an] Q-0 -6A-ey]'x-1
X Y'[1=t;(1 = o)) [1 = t,(1 — o)) 72} (3.8)
Now, with some usual calculation (3.8), yield
A)m(A2)n 3 WX WX X
WF [1+a,/11 +mA,+nl+u—p06 14+ 21 —%'x—1

m,n=0

X Fi[1+y,—m,—n;1+ 6801y, 0] (t)™ ()"
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=1 -t)™MA-t) ™

(1 + a)r+s(/11)r(/12)s ( w1X )r < WX )S
I+ Wrsrtst \A=x0)(A—t)/) \A-x)(1~-t;)

o1yty 0yt

t—1't,—1

T’_
l+a+r+s1+u—p;

x 2k 1+u+r+s;

X

The analysis used to obtain (3.9), is used again for the generating functions (1.32), (1.33), (1.34), (1.30) to obtain
several other bilateral generating functions as follows:

A A
Z %FMM2 +nl+al+a,pB,A+mpB;B,1+u 1+ g, wix, x]
mn=0 T

XF14y,-m-n;1+ 8; 01y, a1 ()™ (t)"
1+ a)r(4)r(A2)s(1 + Y)s( w1x )T (Glytl)s

=1 —-t)MA—ty)™
7,5=0

A+, A+ 6)r!s! 1-t/ \t; —1
x F [1+a+r/1 Ay Bl 4y +5 Bl +utrpl+s+sx—2 22 (3.10)
0OK 212, P V » P ‘Ll » P ;:(1_t2);(t2_1) .
(Al)m(lz)n 1+a—_B__A +ml n,——
YAmY e p@®3) 'R 1 » A2
Z minl s —m —m ——t = ﬁ;——.wlxwzxx]
m,n=0
X Fi[1+y,—m,—n;1+ 68; 01y, 0,y](t)™ ()"
- (1+a A1) (4 WX \T [ WX \S
=(1—t1)_}‘1(1—t2)_}“2 ( )r+s( l)r( Z)S(ﬁ)s< 1 ) ( 2 )
(1 + p)pyrts! 1-t 1-t¢t,
r,s=0
l+a+r+sB+s; 01yl 02ty
X, Fy L4u+r+s; ]F1[1+y,ll+rlz+s 1+6 —1t2—1 (3.11)
(A)m(42) w; Wy
777:: .y =Ry [H,/11 +m, +n 06;7,7] Fi[l+vy,—m,—n; 1+ 800y, 0,51 (8)™ (t)"
m,n=0 -
(M)r(l)r w1 r
= -ty M-t R ( )
r=
Wy o1Yt; 031,
X F, 1 ,14+y,1,,4 , Ag; ,14+6,146; , , 3.12
M[,u+r +v,1+y, A+ Aa+r,1+ + A-6)t-11% -1 ( )

Next, on replacing t,, t, and t5 in (1.35) by t;(1 — 0,y), t,(1 — g,y) and t5(1 — o3y) respectively, such that
lo;| < 1,i = 1,2,3. Further, multiplying both sides of it by y¥ and then on operating the fractional derivative

operator D;’ =% one obtains

_ A A A
D}f 6{ Z %Ff)[l+a,h+m,h +1n,; +p; 1+ @ wx, wyx, W3x]

mmn,p=0

X ()™ ()" (t3)PYy" (1 — o)™ (1 — o2y)™ (1 — 03y)P}

D75{ (3)[1+0{/1 Ay Agi 1+ ol il DX
vt M=t;(1=o]' [1-t:(1 =)' [1 - t:(1 = 03y)]
XY'[1—t;(1— o)1 = t,(1 — o) 72 [1 = t3(1 — o3y)] 72} (3.13)
Now, with some usual calculation (3.13), yields
A A)n(A
%F@[l +a, i +mA,+n; +p;1 + (0 X, wyx, W3x]

m,n,p=0

X Fés)[l +y,—m,—n,—p; 1 + 8; 01y, 0,y, o3y (t)™ ()" (t3)P
(1 + @) ppsik (A1) (A2)s(A3)k
(1 + .u)r+s+kr! stk!

= (-t)HA- ) - Y
r,5,k=0

0.yt 0,yt, o3t3 ( wiXx )r< Wy X )S( w3X

k
-1t —1) "t -DI\1 -t/ \1-1¢, 1_t3) (3.14)

XEP N +y, 410, + 5,4+ k1 +6;
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