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( ABSTRACT \
This article derives sufficient conditions for existence and uniqueness of solution for impulsive fractional
integro-differential equations with classical and non-local conditionon Banach space using fixed point
theorem. The system taken by the authors is more general nature as compared to system taken so far, as it
is more relevant to physical systems encountered. An example is given to illustrate efficacy of the

methodology. J
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I.  Introduction
There are various problems in science and engineering like seepage
flow in porous media [1], anomalous diffusion [2, 3], and transport
[4], the nonlinear oscillations of earthquake [5], fluid dynamics traf-
fic model [6] etc are well modeled in fractional differential equations.
In fact fractional differential equations are considered as an alter-
native model to nonlinear differential equations [7]. This is because
of its non-local property [8] which means, that the next state of the
system depends not only upon its current state but also upon its
entire historical state. The existence and umqueness of solutions of
fractional differential equations using fixed point theory has been
studied by Delbosco and Rodino [5], Cheng and Guozhu [8] and
El-Borai [9]. The study of non-local Cauchy problem was initi-
ated by Byszewski [10] and followed by several authors [11]. The
study of existence and unmiqueness of solutions of fractional differ-
ential equations with non-local conditions using fixed point theory
was nitiated by N’ Guerekata [12] followed by Balachandran and
Park [13]. On the other hand, rapid development of impulsive dif-
ferential equations played very important role in modeling of many
problems of population dynamics, chemical technology and biotech-
nology [14]. This motivates many researchers to study existence
and uniqueness solutions of the impulsive differential equations [15].
Existence and uniqueness of solutions of impulsive fractional differ-
ential equations with local conditions were studied by Benchohra
and Shimani [16], Mophou [17], Ravichandran and Arjunan [18] us-

g fixed point theory and semigroup theory.
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The existence and uniqueness of solutions of impulsive differen-
tial equations with non-local condition using fixed point theory
was studied by Benchohra and Slimani [16]. Balachandran et. al.
(19, 20] and Gao et. al. [21] studied existence and uniqueness of
solution of fractional differential equations using fixed point the-
ory. Motivated by the work of Balachandran et. al. [19], this
paper presents the existence and unmiqueness of solutions of the
quasi-linear impulsive fractional order Volterra-Fredholm kind of
integro-differential equation of the form

‘D%(t) = A(t,z)z(t) + f(t,z(t), Tz(t), Sz(t)) tH#ty, k=1,2,---,p
Ax(ty) = Ii(z(te)), t=tp, k=1,2,---p

I(D} — ID_Q(IL
over the interval [0, T7.

Il.  Preliminaries
Some basic definitions and properties of fractional caleulus and frac-
tional differential equations used in this article, are as follows:

Definition 2.1. The Riemann-Liouville fractional integral op-
erator of o = (), of function f € L{(R.) is defined as

1 L
1850 = e [ﬂ (¢ — )21 f(s)ds,

where ['(-) 1s gamma function.

Definition 2.2. The Riemann-Liouville fractional derivative
of orderov >0, n— 1 < o < n, n € M, is defined as

1 dm

D§1(0) = For—ay g [, (6= " ()

where the function f(t) has absolutely continuous derivatives up to

order (n — 1).

This dervative has singularity at zero and also requires special
mitial condition which lacks physical interpretation. To overcome
this difficulty, Caputo [22] interchanged the role of operators and
defined the fractional derivatives as follows:
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Definition 2.3. The Caputo fractional derivative of order
a=0n—1<a<n neM isdefined as

o _ 1 ' T—oe— ldﬂf(s]
D§f(0) = ey [ (6= £L

where the function f(t) has absolutely continuous derivatives up to
order (n — 1).

Moreover if 0 < e« < 1, then

"D§S0) = p—ay | (="

The Riemann-Liouville integral I and Caputo derivative “Dg, sat-
1sties following properties which 1s mentioned mn Kilbas et. al. [23]
and Samko et. al. [24].
Theorem 2.1. For o, 3 = 0 and f has absolutely continuous
denvatwes up to suitable order then,
(IG5, f(8) =I5 £ (8)
(215,15, f(t) = I, 1§, £ (2)
{3)fu+( f(t) +g(t) = Ig, f(t) + fu+g(t)
(4) 15, fD“‘_f(t flt)—f(0), O=a<1
{OJCD +f(ﬂ = f(t)
{E‘r]fD fl&) =132f(t), 0<a<l
(7)°D3. “Dg, f(¢) #° D" )
(SFD “Dg, f(t) # °Dg, “Dg, f(t)

2.1 Notations
(N1) X = Banach space.

(N2) R, = [0,00)

(N3) C([0,To]. X) = {x : [0,To] — X/z is continuous} with norm
||| = supe||z(2)]]

(N4) PC([0,Ty], X) = {1.' [0, Ty = X7 € C([ti—y, te], X), and z(t. ) and x(t;) exist,
k= 1,2,--+ ,p with z(t;) = z(ty)} with norm ||z||pc =
supreqo.r ||z (t)]|

(N4) PC([0,Ty), X) = {z : [0, Tp] — X;z € C([tk—1,t], X), and z(t;) and z(t]) exist,
k= 1,2,--- .p with z(t;) = z(t)} with norm ||z||pc =
suprero.ry|[z(t)]]

(N5) B(X) ={A: X — X/Ais bouneded and linear} with norm
Al Bx) = sup{l[A(y)]|;y € X&][y]| <1}

For convenience, “Df, is taken as “D* and with these definitions
and properties, sufficient conditions for existence and uniqueness of
solutions are derived as follows:
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I11.  Equation with classical condition
This section presents the study of the existence and uniqueness of the solution of impulsive fractional
differential equation with classical condition. Consider the Volterra-Fredholm kind of fractional

quasilinear impulsive integro-differential of equation of the form

‘Dzx(t) = A(t, x)x(t) + f(t, x(t), T=(t), Sz(t)) t#Fte, k=1,2,---p
ﬂiI{f’-kjl :.!rk{l'{t;;jl:l._ t:flk, k= 1,2,"' . P
x(0) = xp

(3.1)
over the interval [0,T] is bounded linear operator on X and f :
0,T]x X x X xX = X, T,5: X = X are defined by Tz(t) =
J':;' hit.s,z(s))ds and Sz(t) = _fDT.Fz(t, s,z(s))ds. Where h : Dy x
X=X Dy={(t,s)0<s<t<Tland k: Dy x X - X, D; =
{(t,s);0 < t,s < T} are continuous. This type of nonlinear equa-
tions arise in many physical situation like mathematical problems
concerned with heat flow in materials with wiscoelastic problems
[25].
The equation (3.1) is equivalent to the integral equation of the form

0T Ty Z{l-::ck-::t ’;k (tk = 5)2 71 A(s, 2(s))a(s)ds + mf (t—s)2 1 Als, x(s))ds

z(t) = 1 ZD{L;:{L ﬁk—l(tk )71 f(s,2(s), Tx(s), Sx(s))ds
r‘; f )21 f(s, (s )fTI(S}ySI(S))d3+Zﬂﬂke:t"rx(t.i;j'
(3.2)

The following conditions are assumed to show the existence and
uniqueness of the solution (3.1).

(H1) A : [0,T] x X — X is continuous bounded linear operator
and there exists a positive constant M. such that ||A(t, x) —

A{f‘ry}llﬁ(.fj = *'i"IHI - y”* for all T,y e X.

(H2) f:[0,7T] x X x X x X — X is continuous and there exists
positive constants L, La and La, such that || f(¢, x{. 72, 73) —

Ft gy, gy, y3)|| < Lillzr — wil| + Lallza — yal| + Lallzs — ys
for all =1, x9, 3, y1, yo and yq In X.

(H3) h: Dygx X — X and k : Dy x X — X are continuous and there
exists positive constants H and K, such that ||h(t, s, x) —
h(t, s, y)ll < H||lz—y|| and [|k(t, s, ) —k(t, s, y)|| < K|z —y||
for all x and y 1In X.

(H4) The functions [ : X — X are continuous and there exist
positive constants I for all k =1,2,--- | p, such that ||[fpz —
Iy||l < Ifl|lxz — yl| for all x and y in X.
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T
Fee+1

Set, v = and further assume that,

(H5) g=~[(p+1)[M + L1 + THLy + TK L3]] + 3 I;;} <1
Define F : PC([0,T),X) — PC([0,T], X) by

(50 + 1 Sgcace Sy (b — )71 A(s, 2(s))x(s)ds

iy S Gt — 5)* L A(s, (s))x(s)ds

1y ooy <o S5y (b — )7 £ (5,2(s), T (s), Sx(s))ds
|y S (¢ — ) (s, 2(s), Tx(s), Sa(s))ds + Yoy oo Tez(ty).
(3.3)

Fx(t) = ¢

Then equation (3.2) has unique solution if F defined by (3.3) has
unique fixed point. This means F'1s well defined bounded operator

on PC([0,T],X) and F is contraction [26].

Lemma 3.1. Ifthe operators A, f. T, 5 and I}, fork=1.2--- . p
are continuous then F' is bounded operator on PC([0,T]X).

Proof. Let a sequence {z,} be converges to = in PC([0,T], X).
Therefore ||z, — x|| — 0 as n — oo. Consider,

|Fz, — Fz||pe <

= ‘r_(l“—)' Z _/‘A (’k o “')"”l“-"(s--"n(s))-rn(s) . ."(S.J‘(S))I(S)H([S

O<t <t Y a1

L'_(nl;s s ) — Als. 2(s)\e()ds
+,-(")/’:(' $)* Y| A(s, zn(s))za(s) — A(s, 2(s))z(s)||d:

1 Tk -
ti 2 . =9

O<t <t

||f(5..l'n(~'4). T.l'n(-\')- SI"(S)) =N f(.s'..l‘(.\'). T.l'(‘) SI(\))HJ\

1 '
+ r(ﬂ') _/ (! e 3)" l”f(s. .1715(-"‘)-TJ'H(S)~ SI"(S_)) — I(S. I(S), TI(S).SI(S))“(IS
+ Y Mzalty) — hea(t)|

O<tg <t

Assuming the continuity of A, f, 7,5 and [ for k=1.2,--- ,p the
right side of above expression tends to zero as n — oo. Therefore
F is continuous on PC([0,T]. X) and hence F is bounded.

Now we derive sufficient conditions for existence and unigueness
of the solution of equation (3.1).

Theorem 3.2. If the hvpotheses (H1)-({H5) are satisfied, then
the fractional qguasi-linear impulsive integro-differential eqguation
(3.1) has unique solution in PC([0.T], X) for 0 < e < 1.

Proof. To show equation (3.1) has unigue solution it is sufficient to
show F defined (3.3) is contraction. Let = and y in PC([0,T7], X)
and consider,
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> | "t — 5" LA, 2(5))a(s) — Als,y(s))y(s)llds

Ocrg e =1

1
Fr—F < —
|| Fx yHPC_F(&

1 t .
+mfrk(t —5) 1||A{S,I{5)):c(s] — A(s, y(s))y(s)||ds

t e 5 e (), T(), Sr(5) = (5. 3(6). Tu). Su(s)l s

Octpet ” th—1

F(l f (t — )* Y[ f(s, 2(s), Tx(s), Sz(s)) — f(s,(s), Ty(s), Sy(s))|lds

+ > Ihex(ty) — Tyt

Oty <t
Applying hypotheses (H1)-(H4) we obtain,
1 t
||[Fz — Fy|| < r Z [ (ti — 8)* ' M||x — yllds + 5 [ (t — s)* ' M||z — y||ds
L

D{L <t (cr} k

F{l > [ (tx — ) L1 + THLy + TK Ly }||z — y||ds
ti.—1

Ot <t

1 1
+m.[ (t — )2 Vds{ Ly + THLy + TK Ly}l — yllds + 3 Illz — |

Ot <t

TQ
= {m[(.ﬂ—l— 1)[M + Ly + THLy + TK L3]| + Z I;}H:c — y|
= {n,-[{p +1)[M + Ly + THLy + TK L3]] + Z I;}Hx —

Assuming hypotheses (H5) to obtain, ||Fx — Fyl|lpc < q|lx — »||
with ¢ <= 1. Hence by Banach fixed point theorem the equation
(3.1) has unique solution.

IV.  Equation with non-local condition
In this section, classical condition 1s replaced by a non-local condi-
tion for existence and uniqueness of solution of the impulsive frac-
tional differential equation.
Consider the Volterra-Fredholm kind fractional quasilinear impul-
sive integro-differential equation of the form

“D%(t) = A(t, x)x(t) + flt,x(t), T=(t), Sz(t)) tHtp, k=1,2,---.p
ﬂx{f‘k} — Ik{x(tk})'. t=ty, k=1,2,---,p
z(0) = z0 — g(x)

(4.1)
over the interval [0, 7] is bounded linear operator on X and f :
0,T]x X x X xX — X, T,5: X =+ X are defined by Tx(t) =
_ﬁ;’ hit,s,z(s))ds and Sx(t) = _f;k[t, s,x(s))ds. Where h : Dy x
N =X Dy={(t,s);0=<s<t<Tland k: Dy x X = X, D; =
{(t,s);0 < t,5s < T} are continuous and g : X — X is given
function.

The equivalent integral equation of (4.1) i1s given by
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Irﬂ':D - E?[ ) + P{QJ Zﬂ{z;__ﬁ lrk_l te — s)° IA(S: I(S))I(S}ds
+T‘{ﬂcJ ,r (t — s)* 1 A(s, x(s))ds

+I‘{a;| Zﬂfzck-::r, lrck—l{tk —s)* 1 f(s,2(s), Tx(s), Sx(s))ds

| 1y S (£ — 9) (5, 2(5), T (5), S($))ds + S L(t7).
(4.2)

x(t) =

The following hypotheses are assumed.

(H6) g : X — X is continuous and there exist a positive constant
g*. such that ||g(z) — g(y)|| < g*||x — y|| for each x and y in

X.
H7) ¢ =g"+v[(p+ )M + Ly + THLy + TKL3]] + > I} < 1.
Define G : PC([0,T],X) — PC([0,T], X) by

(70 — glx) + P{a} Y o<t <t ,rc (tr — s)* L A(s, z(s))x(s)ds
+I‘{u;| ,‘;k{f — 5)°71A(s, z(s) :t.'(s \ds

+F{u] Zﬂ{tk{t l[;k—l —s)* f(s,2(s), T(s), Sx(s))ds

k+1"|{ct;| lrci{f s)* lf('s: x(s), Tx(s), Sx(s))ds + Zﬂ-::tk\::t IkI(f;}-
(4.3)

Gz(t) =

Lemma 4.1. If the operators A, f,T,S and [} fork =1,2,--- ,p

are continuous then G is bounded operator on PC([0,T], X

Proof. Let a sequence {z,} be converges to = in PC([0,T], X).
Therefore ||z, — z|| = 0 as n — oc. Consider,

|Gzn — Gz[|pe < [|g(za(s)) — g(x(s))]|

1 ty a—1 _ _ Als. 2(Na( s 1ds
+m2/“ =) |A(s, za(s))an(s) — Als,a(s)z(s) ld
1 [
T T(@) [ (t — 8)* || A(s, za(s))zn(s) — A(s,z(s))a(s)||ds
1 b .
" m.};@[zk_l(t" = 5)* £ (5, (5), Toa(s), Sza(s))
_f(s:lI{S]-.TI(S},SI{SHHdS—|—i {t o S]ﬂc—l

F(O‘-’) Jig
£ (s, zn(s), Tzu(s), Szn(s)) — f(s,z(s), Tz(s), Sz(s))||ds

+ 3 [exalty) — Tex(ty)]].

U"'{lk <1
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Assuming the continmty of A, f.T.5.g and [ for &k = 1.2.--- | p
the right side of above expression tends to zero as n — oo. There-

fore G is continuous on PC([0,T], X) and hence G is bounded.

Now the sufficient conditions are derived as under for existence
and uniqueness of the solution of equation (4.1).

Theorem 4.2. If the hvpotheses (H1)-(H4) and (H6)-(H7) are
satisfied, then the tractional quasi-linear impulsive integro-differential

equation (4.1) has unique solution in PC([0,T],X) for 0 < a < 1.

Proof. To show equation (4.1) has unique solution it 1s sufficient to
show F' defined in (4.3) is contraction. Let = and y in PC([0,T], X'}
and consider,
16z ~ Gyllre < lla(x) - 9wl + (#) Y [ =9 A 2(9)a(s) - Al y)y(s)]lds
Ocrget Va1
l I
+ 1y [ =97 1A, 2(s)x(s) — Als,y(s)y(s)llds
a) t

g 2 f (tx = )™ || (s.2(5). Tx(s), Sz(s)) — f(s.y(s), Ty(s). Sy(s))|lds

(n)“ gy <t Va1
+m/ (t —s)° lif(*.l'(\)Tl'(\)S.r(\)) — f(s.y(s), Ty(s). Sy(s))||ds
+ 3 NMex(ty) — Iyt

O< <t

Applying hypotheses (H1)-(H4) and (HG) the result is,

Gz~ Gyll <g'llz vl + g 3o [ (5= )" Ml pllds

{J<L et V1

F{ }[(t—sj“_ M||x — yl||ds

F{ S [ (te — $)* " { L + THLy + TK Ly} ||« — y||ds

Oty <t

[(t—sj“ lds{Ly + THL; + TK Ly} ||z — yllds + 3 Ifllz —yl|

Dty <t

F(}

< e DM+ Ly +THL TKL I —
< {o s [+ DM+ L+ TH Ly + TR + 3 1l ol

— {g* +7[(p+1)[M + Ly + THLy + TK L3]] +Zf;}||x—y||
Assuming hypotheses (H7), it leads to ||Gx — Gyllpe < ||z — y||

with g* < 1. Hence by Banach fixed point theorem the equation
(4.1) has unique solution.

Example 4.2.1. Consider the following fractional integro-
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differential equation with the impulsive condition,

e R IS Y GOSN e .
Dx(t) = §cosx{t]:r.{f-] + a1+ + g/ﬂ se + 5/0 (t — s)e *ds
oy _ _ |=(1/27)]
Ax(1/2) = T 4]
I{U}:ID—E ",

where 0 < v < 1 over the interval [0, 1].

Since, A(t, ) = %cos:r.f therefore || A(t, x)z—A(t, y)y|| < %H{coszf):r—

—xix)

—yis)
(cosyDyll < §llz = yll. [ITz — Tyl < 3 fyslle™ — e~ <
wllz—yll, 1Sz — Syl < 5 [, I(t—sllle:‘"“}—E'”‘”Illds < llz—yl|
| flt,z, Tz, Sz) — f(t,y, Ty, Sy)|| < gllz —yll; [lglz) — gy <
wllz—y| and ¢* = g+ [(p+ D)[M+ L1+ THL2+TK Ls]| + 3 I} =
11—3 + "f‘% + 1—18. Choose o« = 1/2 then ¢* = 0.57 which is less than

1.

Therefore by existence theorem the given system has unigue

solution in the interval [0, 1].

1.

V. Remark
This method suggests not only the exastence and uniqueness
about the solution but it also suggests a method to find ap-
proximate solution of Volterra-Fredholm kind of impulsive
fractional integro-differential equations (3.1) and (4.1).

This condition 15 not a necessary condition which means that
the equations (3.1) and (4.1) may have solution if anyone of

(H1) to (H7T) is not satisfied.

VI.  Conclusion
The system taken by Balachandran et. al. [19] is a special case of the system taken in this paper

because of inclusion of the nonlinear Fredholm operator in the system which is more relevant in many physical
situations including viscoelastic problems.
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