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Abstract 
The binding energy of a donor in spherical quantum dots (QDs)  is calculated, using a variational 

approach within the effective mass approximation. The binding energy is computed for GaAs QD as a function 

of the dot size for different impurity positions, and also as a function of the impurity position for different dot 

sizes. The results of mine show that when the impurity binding energy increases with the reduction in the dot 

dimension. The binding energy is also found to depend on the location of the impurity, and the same is the 

maximum for the on-center impurity. Also I found that the value of the polarizability obtained is several orders 

higher than the hydrogen atom value. 
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1. Introduction. 
The work on the binding energy of a donor atom within an infinite potential well initiated several 

studies on the impurity states in quantum wells. Similar studies have also been extended for structures with 

lower dimensionality, such as quantum-well wires (QWWs) and quantum dots (QDs). The study of low – 

dimensional systems has received much attention in recent years , especially due to the discovery of such effects 

as the quantum Hall Effect in two – dimensional (2D) systems. The physics or even lower – dimensional 

systems present intriguing challenges both theoretically and experimentally. With the development of modern 

technology, it is now possible to produce (Quasi-) 0D systems that confine electrons in all three spatial 

dimensions. In this communication, we shall study the effect of polarizability and the binding energy of donor in 

a spherical QD of a wide gap material; the derived results will be computed for GaAs QD. The binding energy 

will be computed as a function of the dot dimension for different impurity positions, and also as a function of 

the impurity position for different dot sizes. 

 
 

2. Theory 
In the effective mass approximation, the Hamiltonian of a single hydrogenic impurity in a spherical QD 

with parabolic confinement can be written as 

H= [P
2
/2m*] +1/2 [m*

2
r

2
] – e

2
 / |(r-ri)| 

Where e and m
*
 are, respectively, the electronic charge and effective mass, P is a momentum,  is a 

characteristic frequency,  is the dielectric constant of the dot material, and ri gives the location of the impurity 

with respect to the center of the dot. In order to calculate the ground state of the impurity binding energy, the 

variational technique is used, and for this the trial wave function is taken as 
 

 (r) = N() exp(-r
2
 /2 ) exp(-|(r-ri)|) , 

 

Where =m* /h /2. 

Here h being the Planck‟s constant.  is the variational parameter and N() is the normalization constant. 

The ground state energy of the hydrogenic impurity is worked out from the above equations by using the below 

relation. 

E(,,ri) = <* /H/ >  / <* /> 

Here * means the conjugate of the eigen function . 

Our work consists of  two cases. 

That is, we derived the binding energy for two cases: 
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(i) ri = 0 ., ie., the location of the impurity is zero. 

(ii) ri = a .r., ie., impurity at the inner surface of the dot. 

 

Cases: 

 Case 1: 

   At ri = 0, the location of the impurity is zero. 

Therefore the Hamiltonian of a single hydrogenic impurity in a spherical QD with parabolic confinement can be 

written as 

H= [P
2
/2m] +1/2 [m*

2
r

2
] – e

2
 / |(r-ri)| 

The trial wave function is taken as  

 (r) = N() exp(-r
2
 /2 ) exp(-|(r-ri)|) , 

Where =m* /h /2. 

   Here h being the Planck‟s constant.  is the variational parameter and N() is the 

normalization constant. 

 

Normalization condition: 

<* /> = 1 

By equating everything, we get 

(r) [1/2 m*
2
r

2
] (r) d = 2N

2 
e

2 
e
/

  / m* [(sqrt()) / 
3/2 – 

1/2] 

This is the final solution for case (i).    Then the binding energy will be, 

<E> = 2N
2
h

2
 e

/ 
/m* {-5 (sqrt()) /2 

½
} - …… 

By using this the binding energy was computed for GaAs QD as a function of the dot size. The results are 

tabulated in Table 1: 

Table 1: 


-1/2 

(nm)  (cm
-1

) 
<E> in Ryd* 

(Present) 

<E> in Ryd* 

(Reference) 

2 0.47*10
5
 13.18 13.1 

4 0.46*10
5
 12.10 12.0 

6 0.44*10
5
 7.93 7.4 

8 0.42*10
5
 4.99 4.5 

10 0.41*10
5 

3.18 3.0 

 

*1 Ryd = 5.3 meV for GaAs 

  In this the present works are compared with the values of the references . Finally a graph is drawn 

between the impurity binding energy versus the dot size.  

 
 

 

Graph: 

 

 
For the case ri = 0. From this figure it follows that the donor binding energy decreases as the dot size increases. 

As the size -  , the energy should 1 Ryd. 
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The impurity binding energy in spherical GaAs QDs with parabolic confinement versus the dot size. 

Case 2: 

At ri = a, the location of the impurity is at the inner surface of the dot. 

Therefore the Hamiltonian of a single hydrogenic impurity in a spherical QD with parabolic confinement can be 

written as 

H= [P
2
/2m*] +1/2 [m*

2
r

2
] – e

2
 / |(r-a)| 

The trial wave function is taken as  

 (r) = N() exp(-r
2
 /2 ) exp(-|(r-a)|) , 

Where =m* /h /2.  Here h being the Planck‟s constant.  is the variational parameter and N() is the 

normalization constant. 

Normalization condition: 

 <* /> = 1 

By equating everything, we get 

              

       (r) [1/2 m*
2
r

2
] (r) d = 2N

2 
e

2 
e
/

  / m* [(sqrt()) / 
3/2 – 

(2 / ) +(1/2) - …..] 

This is the final solution for case (i).  Then the binding energy will be, 

<E> = 2N
2
h

2
 e

/ 
/m* {25 (sqrt()) /8 

½
} - …… 

 

By using this the binding energy was computed for GaAs QD as a function of the dot size. The results are 

tabulated in Table 2: 
 

Table 2: 
 

-1/2 (nm)  (cm-1) 
<E> in Ryd* 

(Present) 

<E> in Ryd* 

(Reference) 

2 0.46*105 12.28 12.0 

4 0.45*105 11.48 10.9 

6 0.42*105 7.10 6.9 

8 0.40*105 4.21 4.0 

10 0.39*105 3.16 3.08 

 

*1 Ryd = 5.3 meV for Ga As 

  

   In this the present works are compared with the values of the references . 

   Finally a graph is drawn between the impurity binding energy versus the dot size. For 

the case ri = a.  

   From this figure it follows that the donor binding energy decreases as the dot size 

increases. As the size -  , the energy should 1 Ryd. 

   The impurity binding energy in spherical GaAs QDs with parabolic confinement 

versus the dot size. 

  From Table II, it follows that as in the previous case, the binding energy decreases 

when the dot size increases. 

    Comparisons of Table I & II reveals that the binding energy is larger in the case where 

the impurity is at the centre of the dot. The graph is drawn between the beta values and the energy values. 

Graph: 
 

 

 The impurity binding energy in spherical GaAs QDs with parabolic confinement versus the dot size. 
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3. Program For Calculating Binding Energy. 
#include <stdio.h> 

#include <conio.h> 

#include <math.h> 

void main() 

{double int n,h,m,e,x,y,y0,y1,y2,beta,A,B,C,D,E,F,G,H,I,J,K,L,E1; 

float PI; 

clrscr(); 

PI = 3.14; 

n = 1; 

h = 6.626 *pow10(-27); 

m = 6.097 *pow10(-29); 

e = 4.8 *pow10(-10); 

x = 12.5; 

printf (“Enter the value of y:”); 

printf (“Enter the value of beta:”); 

scanf (“%1f”,&y); 

scanf (“%1f”,&beta); 

y0 = y*y; 

y1 = y0*y; 

y2 = y1*y; 

A=(2*PI*n*n*exp(y0/beta)*[(h/2II)*(h/2II)] /m; 

B=-5*sqrt(PI)/2*pow(beta,(1/2)); 

C=-(e*e*m)/(2*x*beta*(h/2II)*(h/2II)); 

D=7/(2*beta); 

E=(e*e*m*sqrt(PI))/(x*pow(beta,(3/2))*(h/2II)*(h/2II)); 

F=14*sqrt(PI)/4*pow(beta,(3/2)); 

G=6/pow(beta,2); 

H=sqrt(PI)/2*pow(beta,(5/2)); 

I=B+C; 

J=(D-E)*y; 

K=F*y0; 

L=G*y1; 

M=H*y2; 

E1=A*(I-J+K+L-M); 

printf(“%0.3f”,E1); 

getch();} 

 

4. Polarizability With An Effect Of An Electric Field. 
The donor atom in our system in an external electric field is given by, 

H= [P
2
/2m] +1/2 [m*

2
r

2
] – e

2
 / |(r-ri)| + ez 

We use the trial wave function, 

 (r) = N() exp(-r
2
 /2 ) exp(-|(r-a)|) (1+ez) 

where z = rcos. And  is treated as a variational parameter. 

 In the case of „On- Centre ‟ impurity (ri = 0), the normalization condition yields, 

N
2 
 = 1 / 4  e

/
   [[sqrt()/

3/2
(…)

    – 
 / [1+(

2


2
)/3] +( 

2
/ 

5/2
) (…) - …..] 

If we put  =0 , then we get the N
2 
 value for case 1. (i.e., ri

 
= 0) 

I simplified this for second case also and I found out the expectation value of the Hamiltonion and also the 

binding energies were computed for different values of the electric fields. The results are presented in the Table 

3. 

 

Graph: 
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Using these datas, a graph was drawn for binding energy Vs 

2
, (see in figure). 

The curve is linear. However for small values of , it is linear and gives the value of p as 0.7 * 10
2
 * (10

-24
 cm

3
) 

for polarizability which is defined as 

Table 3: 


-1/2 

(nm) 

<E> in Ryd* 

 

 =0  =10  =20  =40  =60 

2 13.18 13.48 13.47 13.46 13.44 

4 12.10 12.42 12.39 12.35 12.27 

6 7.93 8.16 8.12 8.10 8.02 

8 4.99 5.42 5.39 5.37 5.26 

10 3.18 3.57 3.49 3.46 3.38 

 

*1 Ryd = 5.3 meV for Ga As 

p  = [<E>  /  
2
] | =>0= 0.7 * 10

2
 * (10

-24
 cm

3
) 

 

5. Conclusion. 
We have presented a calculation for the binding energy of the ground state for a shallow hydrogenic 

donor in spherical GaAs QDs with parabolic confinement, following variational procedure within the effective 

mass approximations. The computed result shows that the binding energy increases as the dot size decreases. In 

spherical quantum dots, with an isotropic parabolic potential, the impurity binding energy is found to decrease 

as the impurity moves away from the center, the effect being more pronounced for dots of smaller sizes. 
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