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Abstract:
In this paper, we used the proposed Tan-Cot function method for establishing a traveling wave solution to
Burger's equations. The method is used to obtain new solitary wave solutions for various types of
nonlinear partial differential equations such as, one-dimensional Burgers, KDV-Burgers, coupled
Burgers, and the generalized time delayed Burgers’ equations. Proposed method has been successfully
implemented to establish new solitary wave solutions for Burgers nonlinear PDEs.
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l. INTRODUCTION

Many phenomena in many branches of sciences such as physical, chemical, economical and biological
processes are described by Burgers equations which provide the simplest nonlinear model of turbulence . The
existence of relaxation time or delay time is an important feature in reaction diffusion and convection diffusion
systems. The approximate theory of flow through a shock wave traveling is applied in viscous fluid [1]. Fletcher
using the Hopf-Cole transformation [2] gave an analytic solution for the system of two dimensional Burgers’
equations.Several numerical methods such as algorithms based on and implicit finite-difference scheme
[3].Soliman [4] used the similarity reductions for the partial differential equations to develop a scheme for
solving the Burgers’ equation. High order accurate schemes for solving the two-dimensional Burgers’ equations
have been used [5].The variational iteration method was used to solve the one-dimensional Burgers and coupled
Burgers’ equations [6]. Anwar et al [1] used the Tanh method for the multiple exact complex solutions of some
different kinds of nonlinear partial differential equations, and new complex solutions for nonlinear equations
were obtained.

This paper is to extend the Tan- Cot function method to solve four different types of nonlinear
differential equations such as the Burgers, KdV-Burgers, coupled Burgers and the generalized time delayed
Burgers’ equations given respectively by [1,7,8]

u fouu — o, =0, (D)
W 00Uy — 0 Uy + B, = 0, (2
U — U +2 0, +auv) =0, 3
Vi~V F2vve+f(uv), =0, 4
Ty + 0 + puiuy — gy =0 ®)

Where ;. .. and p are arbitrary constants.

1.  TAN-COT FUNCTION METHOD
Consider the nonlinear partial differential equation in the form

Fl10, Up, U Uy, Uge, Ui Uiy Uy s wvs o) = 0 (6)

where u(x, y, t) is a traveling wave solution of the nonlinear partial differential equation Eq. (6). We use the
transformation,

ulx,y. t) = f(z) ()
Where
E=(kx+y+it) ®)
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wherek, and % are real constants. This enables us to use the following changes:
fry=y i Arypirydy 8
20=120, Z0=k50 20 =50 ©)

Using Eq. (8) to transfer the nonlinear partial differential equation Eq. (6) to nonlinear ordinary differential
equation

QEF £ f e ) =0 (10)

The order of the ordinary differential equation Eq.(10) can be reduced by integrating the equation
providing that all the terms contain derivatives. The solutions of many nonlinear equations can be expressed in
the form [9]:

=) — B, = 3 —

fl2) = atan®(p2) | 2| < o
or in the form (11)

P

=) = Br= 3 —

f(Z) = acot’(pz) | 2l = oM

Where o, and 3 are parameters to be determined, p is the wave number. We use

f(2) = o tan® (u2)
fZ)=apn [t;ml3 - 1{}-@ + tanf T 1{p§j] (12)
F'(2) = a pu[(p — 1) tanP — 2(u2) + 26 tanP (D) + (B + 1) tanf T 2(uz )]

and their derivative. Or use

F{E) = o cot? {uE)

FE =—app [ cotP™1(uD) + cotP +1(u2) (13)
F'(2) = apu?[ (B—1) cotP ~2(ud) + 26 cotP (u2) + (B + 1) cotP ¥ 2(u2)

and so on. We substitute Eqg.(12) or Eq.(13) into the reduced equation (10), balance the terms of the tan
functions when Eq.(12) are used, and solve the resulting system of algebraic equations by using computerized

symbolic packages. We next collect all the terms with the same power in tank{pfj and set to zero their
coefficients to get a system of algebraic equations among the unknown'sz , p and B and solve the subsequent
system.

I1l.  APPLICATIONS
the Tan- Cot function method is implemented to solve four different types of nonlinear differential
equations such as the Burgers, KdV-Burgers, coupled Burgers and the generalized time delayed Burgers’
equations.

3.1 One-dimensional Burgers’ equation
Consider the one-dimensional Burgers’ equation which has the form[1];

u Féuu, —ou, =10 (14)

Where @ and @ are arbitrary constants. In order to solve Eq. (14) by the Tan method, we use the wave

transformation ulx.t) = U(Z), with wave variable Z = (x + % t), Eq. (14) takes the form of an ordinary
differential equation.

W+EUU -0U =0 (15)
Integrating Eq. (15) once with respect to & and setting the constant of integration to be zero, we obtain:

W+ 50—l =0 (16)
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Seeking the solution in eq.(11)
ntan®(ud) +> Satan® (D) — wfyp [tanf ~ 10D + tanP F 1) =0 17)

Equating the exponents and the coefficients of each pair of the tan functions we find the following algebraic
system:

B=pF+1 =p=1 (18)

Substituting Eq. (18) into Eq. (17) to get:

oy

L= (19)
]
Then by substituting Eq.(19) into Eq.(12), the solution of equation (14) can be written in the form
uGet) = =2 tan (u(x +2.6) (20)
Forp=*%=1wm=0.5, 8 = 0.1Eq.(20) becomes
u(x,t) = 10 tan (x + ) (21)

3.2 KdV-Burgers’ equation
Another important example is the KdV-Burgers’ equation [1], which can be written as

U Féuu, —ouy +pu, =10 (22)

Where @.,@, and p are arbitrary constants. In order to solve Eq. (22) by the tan method, we use the wave
transformation ulx.t} = U(Z), with wave variable Z = (x + 2 t), : Eq. (22) takes the form of an ordinary
differential equation

W +28UYH —al"+ pU” =0 (23)
Integrating Eq. (23) once with respect to & and setting the constant of integration to be zero, we obtain:
W+ U -l +pU' =0 (24)
Seeking the method in (12)

%t () +-8 atan® (W) —opp [tanP ~ 10D + P T 1@+ p pR(B- 1) tanf 20D +
2F tanP (u2) + B+ 1) tamP T2(uz ) =0

(25)
Equating the exponents and the coefficients of each pair of the tan function, we obtain
26=p+1 ,sothatp=1 (26)
Substitute (26) into (25) give the following system of equations
L+ 2ppt =0
fﬁ o —op =0 27)
Then by solving system (27) to get:
L=-2p ., |1=2? (28)
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Then by substituting Eq.(28) into Eq.(12), the exact soliton solution of the system of equation (22)can be written
in the form

ubt) =25 tan(u(x—2pp’t)) (29)
Foru=p=1, w=0.5,&=0.1Eq.(22) becomes
ulx,t) = 10 tan(x — 2 ¢) (30)

3.3 Coupled Burgers’ equations
The third instructive example is the homogeneous form of a coupled Burgers’ equations [1]. We will
consider the following system of equations

U — Wy +2uu, +8uv), =0 (31)
V= g+ 2 Vg (v ) = 0 (32)

In order to solve Eqgs. (31,32) by the tan method. We use the wave transformations u(x; t) = U() and v(x; t) =
V(&) with wave variable & = (x + %t): Egs. (31,32) take the form of ordinary differential equations

AU —U" 4200 +5(UV) =0 (33)
W — V' 42V 4y (UV) =0 (34)

Integrating Eqgs. (33,34) once with respect to & and setting the constant of integration to zero, we obtain

W—-U+U+EUV=0 (35)
AWV—V 4 VE44UV=0 (36)
Let :

U = g, tanf: (u?) (37
V=u, tanszlipﬂ (38)
U'=a,p, n ftanfr Tl + tanPr Lo (39)
V' = of, ftanfz T D) 4+ tanPr T o) (40)

Substitute (37-38) and their derivatives then (35,36) become

reanfs(uD) - B, [tanPe T T@D) + tanPs T QO+ oy tan®hi () + 5 0; tan® (D) = 0

(41)
and

rtanf2(uD) - By p [tanPr T 1) + tanPr T 0] + o tan®a ) +y0gn® B2 = 0
(42)

Equating the exponents and the coefficients of each pair of the tan function, we obtain

B, +1=F,+p, sothath, =1
B, +P, =2f, ,sothatP, =1

Substitute {1 = 1, and 2 = 1 into (41), and (42) give the following system of equations
4oy +Ea,=10
—n toptye =0 (43)

Solving system (43) then:

[1-& [1-v]

= u ey =l (44)

&l [1-E]
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Then by substituting Eq.(44) into Egs.(37), (38), the exact solution of the system of equations (31) and (32) can
be written in the form

uGe) = o ptan (u(x +2.8) (45)
vie ) = “hptan (u(x +72.9) (46)
Foru=%=1,8=v=05

ulx, t) = ‘;tan x + t) 47)
vix.t) = %tan{x + t) (48)

3.4 Generalized time-delayed Burgers equation
The time-delayed Burgers equation [1,8] is given by

tug +u Fpoiuy, —u,, =10 (49)

we use the wave transformation ulx. t} = U(Z), with wave variable Z = (x + 1 £}, Eq. (49) takes the form of
an ordinary differential equation

Pr—1u' + U+ 20U =0 (50)
Seeking the method in (12), Eg. (50) becomes

(2t —1)apu® [B—1) tanP ~2(uD) + 2p tanP () + B+ 1) tanP T 22 )] + (pof tan® () +
%) epp [tanf 710D + tanf +1G] =0

(51)
Equating the exponents and the coefficients of each pair of the tan function, we obtain
(Pr—1)p[@E-1) tanP =22 + 2p tanP (@2 + (B + 1) tanP ¥ 2(uz)]
+ E:H:tgtzmSI3 +P- I{HE_J +po’ tanSP+F + 1{“5 + AtanP ~ l{uf_;l
+rtanP i) =0
(52)
Then:
sB+p+1=P+2 ,sothatp=1 (53)
Substitute (53) intio (52) give
2(1-3%z) =
.- 22
Then by substituting Eq.(54) into Eq.(12), the exact solution of equation (49) can be written in the form
i
z (132} s L
ulx,t) = [ (:P - p] tan=(u(x + L t)) (55)
Foru= %= p=s=1,1=.5Eq.(55) becomes
uGe,t) = tan(x + (56)

IV. CONCLUSION
In this paper, the tan-cot function method has been successfully implemented to establish new solitary wave
solutions for various types of nonlinear PDEs. We can say that the proposed method can be extended to solve the problems
of nonlinear partial differential equations which arising in the theory of solitons and other areas.

|| Issn 2250-3005(online) || || December || 2013 || Page 34




New Travelling Waves Solutions for Solving Burger's Equationsby Tan-Cot function method

[1]
[2]
[3]
[4]
[5]
[6]

[7]
(8]

[9]

REFERENCES

Anwar Ja’afar Mohamad Jawada, Marko D. Petkovi¢h, Anjan Biswasc, Soliton solutions of Burgers equations and perturbed
Burgers equation, Applied Mathematics and ComputationVVolume 216, Issue 11, pp. 3370-3377(2010).

J. D. Fletcher, Generating exact solutions of the two-dimensional Burgers’ equations. Int. J. Numer. Meth.Fluids. 3:213-
216(1983).

A. R. Bahadir, A fully implicit finite-difference scheme for two-dimensional Burgers’ equations. Appl. Math. Comput. 137:
131-137(2003).

A. A. Soliman, New numerical technique for Burger’s equation based on similarity reductions. International Conference on
Computational Fluid Dynamics.Beinjing China October 17-20:559-566 (2000).

C. J. Fletcher: A comparison of finite element and finite difference solutions of the one-and two dimensional Burgers’ equations.
J. Comput. Phys. 51:159 (1983).

M. A. Abdou, A. A. Soliman: Variational iteration method for solving Burger’s and coupled Burger’s equations. Journal of
Computational and Applied Mathematics. 181(2):245-251 (2005).

P.C. Jain, D. N. Holla: Numerical solution of coupled Burgers ¢ equations. Int. J. Numer. Meth.Eng.12:213-222(1978)

E.S. Fahmy, Exact solution of the generalized time-delayed Burger’s equation through the improved tanh-function
method, http://faculty.ksu.edu.sa/72323/Publications/Paper.pdf

A. J. M Jawad, New Exact Solutions of Nonlinear Partial Differential Equations Using Tan-Cot Function Method, Studies in
Mathematical Sciences, Vol. 5, No. 2, pp.13-25 (2012).

|| Issn 2250-3005(online) || || December || 2013 || Page 35



http://www.sciencedirect.com/science/article/pii/S0096300310005059
http://www.sciencedirect.com/science/article/pii/S0096300310005059
http://www.sciencedirect.com/science/article/pii/S0096300310005059
http://www.sciencedirect.com/science/article/pii/S0096300310005059
http://www.sciencedirect.com/science/article/pii/S0096300310005059
http://www.sciencedirect.com/science/article/pii/S0096300310005059
http://www.sciencedirect.com/science/article/pii/S0096300310005059
http://www.sciencedirect.com/science/article/pii/S0096300310005059
http://www.sciencedirect.com/science/article/pii/S0096300310005059
http://www.sciencedirect.com/science/journal/00963003
http://www.sciencedirect.com/science/journal/00963003
http://www.sciencedirect.com/science/journal/00963003
http://scholar.google.com/scholar?oi=bibs&hl=en&cluster=7726761047097524773&btnI=Lucky

