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Abstract: 

In this paper, an intuitionistic fuzzy matrix game has been considered and its solution method has been proposed 

using defuzzification method. Score functions have been defined to construct the  problem and numerical example has been 

given in support of the solution method. 
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1  Introduction 

In modern era there are lot of situations in the society where there is a conflicting interest situation and such situation 

is handled by game theory. But there are lot of cases where the informat ion given are not in precise manner and in such 

situation we apply fuzzy mathematics to get a solution.Fuzziness in matrix games can appear in so man y ways but two classes 

of fuzziness are very common. These two classes of fuzzy matrix games are referred as matrix games with fuzzy goal [1] and 

matrix games with fuzzy pay off [2]. But there such situation may exist where the players can estimate the app roximate pay-

off values with some degree but with a hesitation. These situations are overcome by applying intuitionistic fuzzy (IF) numbers 

in game theory.. Atanassov[3] first introduced the concept of IF-set where he explained an element of an IF-set in respect of 

degree of belongingness, degree of non-belongingness and degree of hesitancy. This degree of hesitancy is nothing but the 

uncertainty in taking a decision by a decision maker(DM).Atanassov [4] first described a game using the IF-set. Li and Nan 

[5] considered the matrix games with pay-offs as IF-sets. Nayak and Pal [6] considered a bi-matrix game where they used IF-

set. In this paper, We have considered a matrix game where the elements of the pay -off matrix are all intuitionistic fuzzy 

numbers. We have applied score function method to defuzzify such matrix. Two theorems given, establish the reason behind 

such defuzzificat ion. An example establishes the theory on strong ground. The paper is organized as follow: In section 2  a 

basic definition of intuitionistic fuzzy set and intuitionistic fuzzy number are given.In section 3  score function is defined and 

some properties are given thereafter. In section 4  intuit ionistic matrix game has been defined.In section 5  Numerical 

example is given. In section 6  conclusion has been drawn. 

 

2  Intuitionistic Fuzzy Sets 
 Here we are going to discuss some basic preliminaries, notations and definitions of Intuition istic fuzzy sets (IFS), in 

particular the works of Atanassov [3, 7].  

  

Definition 1   Let  nxxxX ,,,= 21   be a finite universal set. An Atanassov’s intuitionistic fuzzy set (IFS) in a 

given universal set X  is an expression A  given by   

  XxxxxA iiAiAi  :)(),(,=   (1) 

 where the functions   

 [0,1])([0,1];:  iAiA xXxX   

 and   

 [0,1])([0,1];:  iAiA xXxX   

 define the degree of membership and the degree of non-membership of an element Xxi   to the set XA , respectively, 

such that they satisfy the following condition : for every Xxi     

 1.)()(0  xx AA   

 Let   
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 )()(1=)( xxx AAiA    

 which is called the Atanassov’s [7] intuit ionistic index of an element 
ix  in the set A . It is the degree of indeterminacy 

membership of the element 
ix  to the set A . Obviously,   

 1)(0  iA x  

 If an Atanassov’s IFS C  in X  has only an element, then C  is written as follows   

   )(),(,= kCkCk xxxC   

 which is usually denoted by })(),({=  kCkC xxC   for short.   

   

Definition 2   Let A  and B  be two Atanassov’s IFSs in the set X . BA  iff 

Xxanyforxxandxx iiBiAiBiA  );()()()(  .   

   

Definition 3   Let A  and B  be two Atanassov’s IFSs in the set X . BA =  iff 

Xxanyforxxandxx iiBiAiBiA );(=)()(=)(  . Namely, BA =  iff BA  and AB .   

   

Definition 4   Let A  and B  be two Atanassov’s IFSs in the set X . The intersection of A  and B  is defined as follows :   

 }.|))(),((max)),(),((min,{= XxxxxxxBA iiBiAiBiAi    

   

 

Definition 5   ( Intuitionistic Fuzzy Number  ): Intuitionistic fuzzy number was introduced by Seikh et al.[8]. An 

intuitionistic fuzzy number  A    

  

    

    1.  an intuitionistic fuzzy subset of the real line  

    2.  normal i.e. there exists 0x  such that 1=)( 0x
A

  (so 0)=)( 0x
A

   

    3.  convex for the membership function 

A

  i.e.  

 [0,1],,;)(),(min))(1( 212121 












  xxxxxx
AAA

 

  

    4.  concave for the non-membership function 

A

  i.e .  

 [0,1].,,;)(),(max))(1( 212121 












  xxxxxx
AAA

 

   

   

In our discussion we consider an intuitionistic fuzzy number A  as ),( ijij   and the addition and scalar 

multip licat ion operations are given as    

    1.   ),(=),(),( ijijijijijijijijijij    (2) 

                   2.   ),(=),( ijijijij kkk 
   for   0 ≤ k <1

  (3) 
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3  Defuzzification by Score Function 

Chen and Tan[9] first defined a score function S  as deviation of a membership function   from non-membership 

function   as 

  

ijijijS  =
 
   (4) 

 

Here bigger the value of S  represents bigger IFN but when S  of two IFN are same then this definition does not 

work. So, analyzing the deficiency of this score function Hong and Chi[10] have given a precise function as 

  

ijijijH  =   (5) 

 . 

Here also bigger the value of H  gives bigger IFN.Now these two scoring functions defined above have fundamental 

deficiency that they do not involve the uncertainty function   and this seems to be very unrealistic. Liu[11] analyzing the 

hesitancy degree   modified the definit ion as 

  

))(1(=1 ijijijijS     (6) 

 

But this is a non-linear function and hence we will introduce a score function,called linearizing score function which 

is defined as  

)}({=)}(),({ ijijij fLgfD    (7) 

 Where )( ijf   and )( ijg   are functions of ij  and ij  and the function L  gives the linear part of the function f . The 

arithmetic operations on the function D  are g iven as    

    1.   )()(=)( 2121 tDtDttD   

  

    2.   1<0)(=)( 11 kwherektDtkD    (8) 

   

 The inequality relation is given as   

2121 )()( ttifftDtD    (9) 

 . 

 

4  Intuitionistic matrix game 

 Let  ),1,2,=( miAi   and ),1,2,=( njB j   be pure strategies for players (or DMs) A  and B , respectively. If 

player A  adopts the pure strategy iA  ( i.e., the row i ) and player B  adopts pure strategy jB  (i.e ., the column j ), then the 

pay-off for player A  is expressed with the intuitionistic number ),( ijij  . The intuitionistic pay-off matrix of a matrix game 

is concisely expressed in the matrix form as   

        

           
nBBB 21
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  (10) 

 

which is said to be intuitionistic matrix game .  

 

4.1  Pure strategy 

Pure strategy is a decision making rule in which one particular course of action is selected. For fuzzy games the min -

max principle is described by Nishizaki [2]. The course of the fuzzy game is determined by the desire of A  to maximize his 

gain and that of restrict his loss to a minimum. Now for IF game,   

)}.,({=)},({= ijij
ij

ijij
ji

minmax     (11) 

 

Based on TIFN order, for such games, we define the concepts of maxmin  equilibrium strategies. 

  

Definition 6    (Saddle Point ) : The concept of saddle point in classical form is introduced by Neumann [12]. The thrk ),(  

position of the pay-off matrix will be called a saddle point, if and only if,  

)}.,({=)},({=),( ijij
ij

ijij
ji

krkr     (12) 

   

We call the position ),( rk  of entry a saddle point, the entry itself ),( krkr  ,the value of the game (denoted by V ) 

and the pair of pure strategies leading to it are optimal pure strategies. 

  

Definition 7    (IF expected pay-off ): If the mixed strategies ),,,(= 21 mxxxx   and ),,,(= 21 nyyyy   are proposed 

by players A  and B  respectively, then the expected pay-off of the player A  by player B  is defined by  

  

.),(=),(
1=1=

jiijij

m

i

n

j

yxyxE    (13) 

   

Addition and other composition rules on IF set which we have discussed in section 21  are used in this definition of 

expected pay-off (13). In such a situation,player A  chooses x  so as to maximize h is expectation and player B  chooses y  so 

as to min imize player A ’s maximum expectation and mathemat ically we write   

),(minmax=),(=),(maxmin
** yxEyxEyxE

yxxy

  (14) 

 where ),( ** yx  is called strategic saddle point of the game and ),(= ** yxEV  is value of the game.  

Theorem 1 If a pay-off matrix with elements as IFN has saddle point ),( rk  and krt  be the value of the game then the pay-off 

matrix obtained after defuzzification with the help of score function D  has also saddle point ),( rk  and )( krtD  is the value 

of the game. 

    Proof:  If ),( rk  be the saddle point of the pay-off matrix and krt  be the value of the game then   

 }{=}{= ij
ij

ij
ji

kr ttt   
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 Now using the equations (6)  and (1)  we get   

 }){(=}){(=)( ij
ij

ij
ji

kr tDtDtD   

 })({=})({=)( ij
ij

ij
ji

kr tDtDtD   

 })({=})({=)( ij
ij

ij
ji

kr tDtDtD   

 Therefore, ),( rk  is also the saddle point of the defuzzified pay-off matrix. )( krtD  is the value of the game. Hence the 

theorem. 

 

Theorem 2 If ),( ** yx  be the strategic solution of the pay-off matrix with mixed strategies then ),( ** yx is also the solution 

of the pay-off matrix after defuzzification by score function D . 

    Proof:  Let ),( ** yx  be the solution of the pay-off matrix then   

 ),(minmax==),(=),(maxmin
**

1=1=

** yxEyxtyxEyxE
yx

ijijij

n

j

m

ixy
  

 )),(minmax(=)(=)),((=)),(maxmin( **

1=1=

** yxEDyxtDyxEDyxED
yx

ijijij

n

j

m

ixy
  

 )).,((minmax=)(=)(=)),((=)),((maxmin
**

1=1=

** yxEDDEyxtDyxEDyxED
yx

ijijij

n

j

m

ixy
  

 Therefore, ),( ** yx  is also a strategic solution of the defuzzified pay-off matrix and value of the game is 

.=),( **

1=1=

**

ijijij

n

j

m

i

yxtyxV   Hence the theorem. 

 

5  Numerical example 

Let us consider a pay-off matrix with intuitionistic fuzzy elements as 

   21 BB  

        .
(0.3,0.1)(0.4,0.3)

),(0.45,0.20(0.5,0.25)

2

1










A

A
 

When this matrix gets defuzzified with the given score function then we get the matrix as 

        21 BB  

        .
0.30.4

0.45,0.5

2

1










A

A
 

 Since )},({=0.45=)},({ ijij
ij

ijij
ji

baba  the saddle point is (2,1)  and value of the game is 0.1625 . 

Hence, saddle point of the original pay-off matrix is (2,1)  and value of the game is (0.45,0.2).  

Now let us consider the pay-off matrix as 

           21 BB  

        .
(0.3,0.1)(0.5,0.25)

),(0.45,0.20(0.4,0.3)

2

1










A

A
 

When we defuzzify this matrix using the score function then we get the matrix as  
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     21 BB  

        .
0.30.5

0.45,0.4

2

1










A

A
 

 Since )},({=0.450.4=)},({ ijij
ij

ijij
ji

baba   ,saddle point does not exits. Since this is a mixed strategy 

game its solution is obtained as the strategic solution (0.8,0.2)=(0.8,0.2),= ** yx  and value of the game is 

12)(0.388,0.0 . 

 

6  Conclusion 

In this paper, a matrix game has been considered with pay-off elements as intuitionistic fuzzy numbers. The 

intuitionistic fuzzy number is considered as a membership and a non-membership function which actually represents the 

acceptance and rejection degree of a decision maker. The matrix is defuzzified with the help of a score function. It gives a 

strategic solution and value of the game as an intuitionistic fuzzy number. The example given, establishes the theory on stro ng 

ground. It has strong impact on modern socio economic structure where conflict ing interests exist. There is a scope to apply 

other score function for such defuzzification.  
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